ON STOCHASTIC OPTIMAL CONTROL IN FERROMAGNETISM

THOMAS DUNST, ANANTA K. MAJEE, ANDREAS PROHL, AND GUY VALLET

ABSTRACT. A model is proposed to e.g. control the domain wall motion in ferromagnets in the
presence of thermal fluctuations, and the existence of an optimal stochastic control process is
proved. The convergence of a finite element approximation of the problem is shown in space-
dimension one, which then allows to apply Pontryagin’s maximum principle for this finite dimen-
sional setting. The resulting coupled system of forward-backward stochastic differential equations
is numerically solved by means of the stochastic gradient method to enable practical simulations.

1. INTRODUCTION

The ability to manipulate magnetic nanostructures is relevant to optimize data storage devices;
typical examples are walls in a ferromagnetic nanowire (d = 1) separating domains of almost uniform
magnetization m, whose control over their position, structure, and dynamic behavior is crucial to
ensure a reliable transport of data which are represented by those magnetic structures. A central
problem in this context is to design (controlling) field pulses u which enable prescribed precessional
switching, in particular in the presence of thermal fluctuations. At zero temperature, the physical
literature mainly discusses simplified settings, or ‘trial-and-error approaches’ to motivate certain
field pulses which approximately serve this goal; see [5l, p. 144]. The approaches in [I}, 2] discuss
controllability of finite spin ensembles through applied fields u, while a more practical approach
which is based on the minimization of a functional J(m,u) subject to solving the Landau-Lifshitz-
Gilbert equation is studied in [I3].

Let D C R? (1 < d < 3) be a bounded Lipschitz domain, and 7 > 0. The magnetization
m : Dy x Q — R3 at elevated temperature T > 0 is governed by the stochastic Landau-Lifshitz-
Gilbert equation (SLLG)

dmz(mxHeﬁc—amx(mxHeff)) dt +vm x odW in Dp:(0,T)x D, (1.1)
0
8—”;:0 on 8D == (0,T) x 8D,
m(0,:) = myg on D,
where ¢ = +(T) denotes the noise intensity. Moreover, Hog = Hog(m) = —DE(m) denotes the

effective field in this model of ferromagnetism, which is deduced from the Landau-Lifshitz energy
E(m) = &,(m) for some given external field v : Dy x Q — R3, and for simplicity in this work
ensembles the exchange and external field energies,

g(m)z/D‘;‘|vm|2—<m,u>dx, (1.2)

where A, > 0; see e.g. [4 27] for further details on this model. The system in is driven
by a Hilbert space-valued Q-Wiener process W, where Q : K — K is a symmetric, non-negative
operator acting in a Hilbert space K C W1°°(D;R3) N H?(D;R?), and odW (¢) in denotes the
Stratonovich differential. By [8], there exists a weak martingale solution of with v = 0 for
1 < d < 3, which is a 6-tuple (Q, F {F:}, P,W, m) such that holds P-a.s. in analytically weak
form; it may even be obtained as proper limit of iterates of an implementable numerical scheme
as shown in [4]. These results may be sharpened to the existence of a unique strong solution for

2000 Mathematics Subject Classification. 45K05, 46S50, 491.20, 491.25, 91A23, 93E20.

Key words and phrases.  Stochastic Landau-Lifshitz-Gilbert equation, Stratonovich noise, Young measures,
Optimal control, Faedo-Galerkin approximation.

The fourth author would like to acknowledge the support of Institut Carnot ISIFoR .

1



2 THOMAS DUNST, ANANTA K. MAJEE, ANDREAS PROHL, AND GUY VALLET

d = 1, where an F;-adapted process m : Dy x Q +— S? satisfies ((1.1)) in analytically weak form for
a given stochastic basis (Q, F,{F;}, P,W); cf. [9,12].

Our goal is the stochastic optimal control in ferromagnetism: Let m € H'(Dr; S2)E| be given,
K > 0 and ¢ > 2. Find a weak admissible solution 7* := (Q*J—'*, {F;}, P, W*7m*7u*) which

minimizes
T
J(m) = E[/O (llm = mli22 + Jul) de + (m(T))] with = = (2, F, {F2}, P,W,m, )

subject to (1.1) and ||u(¢)||L2 < K for a.e. t € [0,T], P-a.s.

The existing literature (see e.g. [28]) on stochastic optimal control with SPDEs mainly considers
those which have a mild solutions, which is not available for problem . For this reason, a
minimizer 7 of may be constructed by variational methods. For a minimizing sequence of
weak admissible controls m, := (Qn, Fo, {F1 Y, Poy, Wy my, un)7 we are looking for tightness of the
laws of the process {m, },en in the path space C([0,T];IL?) and therefore need to obtain uniform
bounds in W7Y?(0,T; L2)|E| for v € (0,1), p € [2,00) such that py > 1. This constraint is in
particular fulfilled for p = 4, which is why we focus on ¢ = 2 in in some parts below.

(1.3)

Once a minimizer 7* of problem has been found we ask for its computation; in the deter-
ministic setting (see e.g. [13]), a common numerical strategy to accomplish this goal may be based
on Pontryagin’s maximum principle. While the maximum principle has been obtained for several
optimal control problems with prototypic SPDE constraints (see e.g. [19, 20]), a corresponding
argumentation is not immediate in where the nonlinear drift in is not Lipschitz. To
overcome this problem, we first show the convergence for a structure preserving finite element dis-
cretization of for d = 1, where the corresponding drift is then Lipschitz because the
(approximate) solutions of are of unit length at the nodal points of the underlying mesh 77,
covering D. To achieve this goal, we need a probabilistically strong solution of SLLG (L.1)) with
improved regularity properties to prove rates of local strong convergence for the approximate SPDE
in (2.5) (see also ) towards , which is the key step to show the convergence of
(1.3). We remark that our approach would not work for a general Galerkin discretization of (1.1
such as the one used in Subsection [7.1] where the preservation of the sphere property is not clear.

For the discretization (2.5)) of (1.3]), we then obtain Pontryagin’s maximum principle resulting in
a coupled forward-backward SDE system; cf. (2.7))-(2.8). For its solvability, we employ the control
constraint in (1.3]). Then, the coupled forward-backward SDE system is numerically solved by the

(i) least squares Monte-Carlo method to approximate conditional expectations which need to
be computed at every time step to obtain approximate solutions of the adjoint equation,
(ii) and the stochastic gradient method from [I4] to obtain updates of the feedback control uj,
whose functional values monotonically decrease.
The rest of the paper is organized as follows. In Section [2] we give a proper definition of solvability
for (the relaxed version of) problem and state the main results. An optimal relaxed control
for the relaxed version of the problem is constructed in Section |3| by using compactness
properties of random Young measures on a suitable Polish space. A weak solution of problem
is then obtained in Section [4], which settles Theorem [2.3] . Convergence of the value function
and (suitable) minimizers of the finite element approximation (2.5) of (1.3 . (for d = 1) is shown
in Section [b] and the corresponding maximum principle is obtamed In Section [0} the stochastic
gradient method is detailed for discretization of , and simulations which approximately solve

(1.3) are reported.

2. REFORMULATION OF (|1.3)), PONTRYAGIN’S MAXIMUM PRINCIPLE, AND MAIN RESULTS

Throughout this paper, we use the letter C' > 0 to denote various generic constants. In the
sequel, we denote by IL? the space LP(D;R?), and by W'P the space W'P(D;R3) for any [ > 0 and
p > 1. We use (,) for an inner product in R?, and the euclidean norm is denoted by | - |.

AHY(Dr;S§?%) == {v(t) € H' : v(t,z) € S? for almost every x € D and for all ¢t € [0,T] }.

T _
D Wrr(0,T5X) = {u € 17(0,T;X) / / ”L]t ﬁ:?p”x dsdt < +o0}.
— S
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2.1. Stochastic optimal control problem (|1.3)): reformulation and main results. Without
loss of generality, we may assume in the following that the Wiener process W is of the form af(t),
where a € W1 and {3(t) : t > 0} is a real-valued Brownian motion. In view of the effective field
H.g in with A = 1, and avoiding the exchange energy in the phenomenological damping term
of SLLG, equation has the form

dm(t) = {m(t) x Am(t) + m(t) x u(t) — am(t) x (m(t) x Am(t))| dt + cm(t) X a o djp(t)

gm =0 ondDp (2.1)
Oov

m(0,-) =mg(-) on D.
Note that SLLG is a stochastic PDE with non-Lipschitz drift function and in general lacks a
stochastically strong solution for d > 2. In [§], an (analytically) weak martingale solution is
constructed for with © = 0, which may easily be generalized to deterministic u € L*(0, T;1L?):
there exists a 6-tuple (Q, F,{F:}, P, B, m) such that
o (0, F,{F:}, P) is a filtered probability space satisfying the usual hypotheses.
e 3 is an R-valued F;-adapted Wiener process.
e m is an H'-valued F;-adapted stochastic process such that for P-a.e. w € Q,
a). m(w,-) € C([0,7];L?) and |m(w,t,z)| =1 for a.e. x € D and all ¢ € [0, T].
b). For all t € [0,7], and ¢ € C°°(D;R3), the following equality holds: P-a.s.,

(m(t),8) 1> — (Mo, 9),.
= /0 (Vm(s),m(s) X ngb)Lz ds + a/o (Vm(sLV(ng x m(s)) x m(s)) ds

L2

+ /Ot (m(s) X u(s),qb)}L2 ds+1 (/Otm(s) X aodﬁ(s),¢) . (2.2)

L2
Here, the first two terms of the right hand side of (2.2)) are understood as

Z/Ot (aaxim(s),m(s) X % >L2 ds and aZ/Ot (8il‘m(s)7 %(gf) x m(s)) x m(s))}L2 ds

%

respectively. Next to the martingale representation theorem, its construction in particular uses
the Skorokhod lemma which changes the underlying probability space to study sequences of ap-
proximate solutions with improved convergence properties. To solve for an applied stochastic
process u # 0 requires an extended argument in case only its law u = L(u) is prescribed. The
following result is a generalization of [§, Theorem 2.11] whose proof is postponed to Subsection

Theorem 2.1. Let D C R% (1 < d < 3) be a bounded Lipschitz domain, ¢ > 2, T > 0,1 € {0,1},
and my € WLQ(DSQ. Let (Q,]—', {ft}tzo,P) be a given filtered probability space satisfying the
usual hypotheses and B is a Fi-adapted real-valued Wiener process on it. Let u be a probability
measure on L%(0,T;1L?) such that fLZ(o,T;]L?) Q(v)p(dv) < 400 where ®(v) = [|v]|L2q(0,7,w.2) and
u{v vl pee 0,2y < K} = 1 for some given constant K > 0. Then for problem , there
erist a weak martingale solution T = (Q, F, {ﬁt}, P, B, M)ﬂ and a Fy-predictable stochastic process

@:Q x Dy — R3 in the sense given above such that [2.2)) is valid, and i) p = L£(@) on L?(0,T;1L?)
and

T
P-as, |[i(®)le <K for ae. te[0,T]; E[/ la(0)20.0 dt] < 400 (23)
0

i) There exist positive constants C1,Cy such that

- T q [T

E[ swp Vi) + ( / Iin(s) x Arn(s)2 ds) | < €1+ CoB| / lals de|.
0<t<T 0 0

As a by-product of the above theorem, we have the following corollary.

€ Wh2(D,s?) = {p € WH2(D;R3) : ¢(x) € S? for almost every z € D}
d The associated expectation with P (resp. P) is denoted by E (resp. E).
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Corollary 2.2. Let D C R be bounded, mg € W'2(D,S?), and | € {0,1}. Let (Q,]-', {}'t},P) be a
given filtered probability space and u an Wh2-valued {F;}-predictable stochastic process on it whose
law L(u) satisfies the properties given in Theorem for q > 4. Then there exists a unique strong
solution m = (Q,f, {F:}, P, B, m, u) for the proble satisfying the bounds as in Theorem .
Moreover

E[/OTAm(t)hirz dt] < +oo.

Note that a weak martingale solution to the problem is not unique for a given control process
u satisfying (2.3)) for d = 2,3. We denote by U (mg,T) the set of weak admissible solutions to the
problem the sense of Theorem From now onwards, we consider = 1 in Theorem [2.1
The stochastic optimal control problem (|1.3) may be rewritten as follows.

Definition 2.1. Let 0 < T < co. Assuming the setup of data from Theorem [2:1] let ¥ be a given
Lipschitz continuous function on L2. A weak optimal solution for the control problem (1.3)) is a
7-tuple 7 = (%, F*, {F;}, P*, 85, m*, u*) € UY(mo,T) such that

J(r*) = J (). (2.4)

inf
TeUY (mo,T)

The associated control u* in 7* is called weak optimal control of the underlying control problem.
Our first main result is the following.

Theorem 2.3. There exists a weak optimal solution 7 of (1.3) in the sense of Definition ,

The proof is detailed in Sections [3]and [4] and uses the variational solution concept for the SPDE
. Note that there is no convenient compactness structure for the control sets, which is why we
follow the strategy introduced by Fleming [I7] to embed admissible controls into a larger space with
proper compactness properties. We therefore consider a relaxed form of first by considering
the given control as a Young measure-valued control process taking values in the Polish space
2. Using compactness properties of Young measure-valued controls and Skorokhod’s theorem, we
establish the existence of a weak relaxed optimal control (cf. Theorem [3.1)). Then, we exploit the
convexity property of J with respect to the control variable, and linearity in to settle Theorem
An alternative construction avoiding Young measures, which exploits Jakubowski’s extension
of Skorokhod’s lemma to certain non-Polish spaces to verify Theorem [2:3] is discussed in Remark

Z1l

2.2. Pontryagin’s maximum principle for a finite element approximation of problem
(1.3) for ¢ > 4 and d=1. Theorem shows the existence of an optimal control in problem
(2.4). In general cases, the optimal control may not be explicitly calculated and hence a numerical
gradient descent method which is based on Pontryagin’s maximum principle may be applied to
approximately solve ([1.3]). Unfortunately, its validation is non-trivial due to the presence of the
non-Lipschitz nonlinearities in (L.3)), excluding its standard derivation via spike variations. For
this reason, we proceed differently and discretize problem first, to then validate a discrete
maximum principle (and not wvice versa). It turns out that convergence properties of a Galerkin
method for crucially depend on its respectation of the sphere property of states in . As a
consequence, a particular Galerkin method is needed which preserves this property accordingly. For
this purpose, we employ numerical concepts from [4, Chapter 2] to obtain the structure preserving
finite element approximation of the problem , and show its convergence when h — 0, for
h being the mesh size of the quasi-uniform triangulation 7}, of D; cf. [7]. Let V}, be the lowest order
H!-conforming finite element space, 7y, its (affine) nodal interpolation operator, and Ay : Vj, — V),
the discrete Laplacian; see Subsection[7.4] for further details. For every h > 0, the finite dimensional
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version of ([1.3)) then reads as follows: minimize

In(mn) = E| / ) (lm(t) = Zalm@][l; + lu(®) 122 ) dt +w(m(T))]
with m, = (Q, F,{F}, P, 3, m,u), subject to the SDE
dm(t) = [Ih [m(t) x Apm(t)] +Zn [m(t) x u(t)] — aZn[m(t) x (m(t) x Ahm(t))]}dt
+ 1T [m(t) x a] odB(t), t >0,
m(0) = Zp[mo], and wu(t,-) € Up := {v € Vit ||v|lLe < K} for a.e. t €[0,T], P-a.s.

(2.5)

Here, m is a Vj-valued process on a given filtered probability space which takes values in S? at
nodal points {xl}lel of the mesh T, and § is a given R-valued Wiener process on it. There
are several issues which need to be dealt with to validate the convergence of the value functions
Jp(7}) to J(7*): our argumentation requires probabilistically strong solutions of SLLG, and higher
spatial regularity properties of solutions of (2.1)) for it to be valid. According to Corollary a
unique probabilistically strong solution of (2.1)) exists for d = 1, ¢ > 4, and it exhibits improved
spatial regularity properties. We denote the set of Up-valued controls to the problem by
L{“éﬁ(mo,T). By following the proof of Theorem one can show that there exists a 7-tuple

au

w5 = (Qn, Fu, {F{'}, P, B, mj,, ujy) such that

Jn(m7) = weu;ﬁilhlfmo,T) Jn(m), while already J(r*) = weui?fno,T) J(m). (2.6)

Theorem 2.4. Letd =1, q > 4, and myg € WY2(D,S?). Let m* and m, be T-tuples as described
above. Assume that 1 is Lipschitz continuous on L2. Then

Jp(ry) = J(@*)  (h—0).

The proof uses the strong convergence of some related control processes in H': we first consider
the strong solution my, of the finite dimensional equation in for u = Rpu* on the filtered
probability space (9*7 F*AF Y P*), where Ry, is the Ritz projection defined in , and estimate
the expected value of the L2-difference of the solutions mj, and m* on a large subset of Q* (cf. Lemma
5.1])). For this purpose, we use

o the reformulation of the PDE as a semi-linear PDE by the identity m* x (m* x Am*) =
—Am* — |[Vm*|?m* which exploits the unit-length property of its solution,

e a corresponding reformulation of the equation in where we benefit from the numerical
quadrature and the discrete sphere condition as relevant features of the equation in ,
and the (uniform) stability for the solution of it (resp. (7.2I)) in Lemma[7.3| which is based
on the discrete Gagliardo-Nirenberg inequality in Lemma [7.2

As a result, we obtain the convergence of Jp,(7) to J(7*) for h — 0 where
T = (Q*, F* AFEY, P, 8%, mp, Rhu*); in a next step, we employ a standard variational argument
to show J(7*) < Jy(n}) < Jp(7r) which then settles Theorem [2.4

A consequence of Theorem is the strong convergence of related optimal controls on some
probability space.

Corollary 2.5. Let d = 1, ¢ > 4, and mg € WH2(D,S?). For every h > 0, there erists a weak
optimal solution 7} = (Q,]:, {FM, P, B;‘L,ﬁl;,d;) € Z/li’é,h(mo,T) of (2.5). Moreover, there exists
T

a

a weak optimal solution T = (Q,]:', {ft},p,ﬁ*,rh*,ﬂ*) e U (mo,T) of (1.3) such that for h — 0

P-a.s., mj —m* in C([0,T;L?); B; — B in C([0,T];R),
and Ju(7}) = J(7%); 4 — a* in L*(Q x (0,T); HY).
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For every h > 0, the necessary first order optimality conditions for the 7-tuple 7} satisfying ([2.6))
involve a backward stochastic differential equation (BSDE in short) as adjoint equation:

dPy(t) = {Q(m”ﬁ(t) = Zn[m(t)]) + Zn[Pa(t) x Apmi, (8)] — ApZn[Pa(t) x mj, (1))

+ alpIu[my, (8) (my, (8), Pa(t)) — [mi, ()1 Pu(8)] + L [Pa(t) x uj, (1))
— aZp[Anmi,(8) x (mp(E) X Pu(t))] — aZn[P(t) x (my,(8) x Apmy, (¢))] (2.7)

FTh[Qn(t) x a] — glh[(Ph(t) X a) a]}dt + Qu(t)dBL(t) + dN(L), 0 <t < T,

Pu(T) = =Zn[Dyp(my,(T))]-

We refer again to Subsection for the used notation. In our case, the filtration {F}'};>¢ is
in general larger than the natural filtration generated by the Wiener process 3j, augmented by
all the P"- null sets in Fy,, leading to the additional Vj-valued F/-martingale N}, in (see
e.g. [26] and the references therein). We may use the boundedness of mj and of the control wj
to verify that the drift function in (2.7) is Lipschitz continuous from V} onto V}, for every fixed
h > 0. Following [26], [31], equation then admits a unique predictable solution (P, Qn,Np) €
L%, (Q; C([0,T}; Vi) x L%, (; L*(0,T;V3)) % L%, (; L*(0,T;Vy)) such that

Eh[(Nh,/OT Qu(dsi(®) ] =0

Moreover, the following maximum principle holds: P"-a.s. and for a.e. ¢ € [0, 7],

(P () x mi(t), 0 — up (1)), — dqlluh @) 132 (uj (t), 0 — uj(t)) yu <O (2.8)
for all p € Uy, where the Hamiltonian Hp, : Vi, X Uy X Vi, X Vj, — R is defined as
)
Hy(my s, P, Qr) = — ||m — Tulm]|)} = [[u)?d + (Ih[m X Ahm],Ph)h n (Ih[m x u],Ph)h

— a(Ih[m X (m x Ahm)],Ph)h + L(Ih[m X aLQh)h

+ %(Ih[(m X a) X a]7Ph)h7

and (P, Qn,Ny) is the unique solution to the adjoint equation ([2.7]).

Note that the corresponding moment estimates for the solution of (2.7) depend on h which is
essentially due to the quadratic and cubic cross-product terms in Hj,. Therefore, passing to the
limit in (2.8)) is not clear, but the coupled forward-backward SDE system (FBSDE for short) (2.5]),
(2.7)-(2.8) is now amenable to numerical techniques which are discussed next.

Remark 2.6. From a mathematical view point, the inequality constraint on the controls in Theo-
rem is only used to show the existence of a solution of the adjoint equation, cf. (2.7)), to validate
Pontryagin’s maximum principle.

2.3. The least squares Monte-Carlo method and the stochastic gradient method to
approximately solve (2.6). The starting point to simulate an approximate minimizer of
is the FBSDE system (2.5), (2.7)-(2.8), but further steps are needed to obtain an implementable
scheme. We start with the time discretization of the equation in , where the midpoint rule
is used on a mesh Ij := {tj}}]:o C [0,T] to obtain a scheme where Vj-valued random variables
{M7}_, take again values in S at nodal points {2;}{~, C D of T,. We denote Mits = LM+t
M.

Algorithm 2.7. Let M° be a Vj,-valued random variable, with {M°(z;)}L, C S Let {U7; 0 <
j < J—1} C L?(;Vy) be given, as well as A;B = B(tj+1) — B(t;) ~ N(0,k). For every
0 <j<J-—1, find the Vj-valued random variable M7+ such that

(MIHY — MI,¢), = k(M2 x [AMIT 4 U7],¢), — ak(MI+2 x [MI*3 x A,MITY],¢),
+o(MIYE x a,0),A;8 VYo € Vp. (2.9)
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For every j, Equation (2.9)) is a coupled nonlinear system of equations which is solved by New-
ton’s method, where the Jacobian is approximated by finite differences. Again, for computational
purposes, we approximate the Hamiltonian H;, by

ﬁh(m,u,Ph,Qh) =—|m-— m||]%2 — ||u|\§ﬂq1 + (Vm,m X P;L)]L2 + (m X u,Ph)ILz — Oz(Vm,VPh)L2
2

+ a(|Vm|2m,Ph)]L2 + L(m X a, Qh)Lz + =

5 ((m x a) x a, Py)

]L2 )
which is suggested by

e using the discrete sphere property of the computed magnetization; e.g., m x (m x Apm) in
Hy, is replaced by —Apm — [Vm/|?m, and
e replacing (- ), by the scalar product in L?.

The associated adjoint equation and its maximum principle for 7; are then given by

AP, (t) = — 32 Hu (i (1), w (1), Pu(t), Qu(t)) dt + Qu(t)dBs (t) + dNG(t), 0 <t < T, (2.10)
Pp(T) = =Dy (m} (1)), '
Ph-as., and for a.e. t € [0, 7],
(P () x mjy (8), 0 — i (1)) o — dalluj, ()52 (ui (8), 0 — wi () g <O Vo € Un. (2.11)

For the time discretization of the backward equation (2.10) we use a semi-implicit scheme; see
e.g. [6] for the time discretization of BSDEs.

Algorithm 2.8. Let {M7;0 < j < J} C L*(Q4;Vy) and {U7;0 < j < J — 1} C L3(Qp;Vy) be
given. Let (PJ,q’))]L2 = —(D\II(MJ),¢)]L2 for every ¢ € Vy. For every 0 < j < J — 1, find the
Vj-valued random variables (P7,Q7), such that

(Q7,0).. = En [%(Pj“, ), ]]-‘H Vo € Vp, (2.12)
and
(P7,¢),, +ak(VP), V) , — ak(|VM’|*PT,¢), , — (M’ x VP/,V¢) ,
+k(VM? x VP, ¢) , — k(U x P7,¢),,
= Eh[{(Pj+1’¢)m2 — 2k(MITE — M(t41), 6) L. + 2ak((PTHL, MITHYVMIHL Vg)

12

+ Ek((PjJrl X a) x a’¢)m2}

f[;] —k(QF x a,0),, V€V, (2.13)

For every 0 < j < J, we may represent the solution (P7, Q7) of 7 by two measurable,
deterministic, but unknown functions P’ : Vj, — V;, and Q7 : V), — V},, such that P? = P7(M7),
and Q7 = QI(M7). By the least squares Monte-Carlo method, see e.g. [21], these functions are
approximated by (P%(-), Q% (- )) using the finite dimensional space span{l.,(-); 7 =1,..., R} and
coefficients {pl}E | resp. {¢/}2 ;. It is due to the high dimensionality of V; that an adaptive
partitioning of it is needed for this purpose. This computation is the bottleneck in the simulation
of the BSDE 7 as part of the overall stochastic control problem, since it poses severe
demands on computational times as well as memory storage. In order to weaken these demands
and thus allow for the simulation of larger spin systems, we choose an approach similar to the
stratified regression algorithm in [22], which allows for an efficient parallel implementation; see
Section [6] for details. Algorithm in combination with the least squares Monte-Carlo method
then approximates as part of the stochastic control problem (2.5), ([2.7)-(2.8) which is now

solved by the stochastic gradient method. This iterative scheme was proposed in [I4] (in a related

(”)v]}R

setting) to compute deterministic coefficient functions {u 1 on a given sequence of partitions

{Cﬁv I 1B | of V, to generate a sequence of approximate feedback functions

, R .
U}(%U)’](') _ Z,«fl ug,v)’j]lcﬁv),j('), (2.14)
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such that the cost functional v — J(M(”)"7Z/{I(;)"(M(”)")) monotonically decreases. Hence, the
overall algorithm to approximately solve , f consists in each iteration of the following
steps:
(1) Simulate realizations of equation using Algorithm and the approximate feedback
control function Z/{I(;}_l)" ().
(2) Use these realizations to estimate the coefficients in Algorithm where again the con-
trol Ul(zvfl)"(-) is used.
(3) Use these coefficients to proceed with an update step with Armijo step size rule to obtain
Z/l}({})"( -) for the control, which is based on the maximum principle (2.11)).

This procedure has been carried out in [I5] for a simpler cost function in the case of one and three
nanomagnetic particles. The present work deals with which involves a SPDE and thus is far
more complex to solve. Also, in the present context, the explicit time discretization of the state
equation used in [I5] is unfavorable, since multiple particles require a smaller time step size, which
results in more computational effort in the simulation of the backward equation. To allow for larger
time step sizes k, we use the midpoint rule in Algorithm at the expense of solving a system of
nonlinear equations per iteration step. Also, the present SPDE case requires more regions {Cﬁv)d }
to resolve the high dimensional state space. Finally, we modify the computation of the coefficients
in the adjoint equation (BSDE) similar to [22], such that the computation can be done in parallel;
see Section [f] for details.

3. OPTIMAL RELAXED CONTROLS IN THE WEAK FORMULATION

Relaxation is a common strategy for optimal control problems to provide a necessary compactness
structure for the control sets in (2.4). While taking primary motivation from [I0], our construction
of a relaxed control which minimizes the relaxed version of bases on variational methods.

Let P(L?) denote the set of all probability measures on B(IL?), the Borel o-algebra on L2, and
Y(0,7,1.2) denotesﬁthe set of all Young measures on L?. Let {q; }1c[0,7) be a P(IL?)-valued relaxed
control process defined on the filtered probability space (Q, F AR}, P). We define the associated
relaxed functional: for ¢ > 2

36 = B[ [ (Im) ~ mO): + lola @) -+ vim(r)], 6.

with 7 = (Q,.F, {F:}, P, B, m, {Qt}te[O,T])7 where m is a weak martingale solution of the relaxed
version of SLLG; see ([3.2]) below.

Definition 3.1. Let 7' > 0 be fixed and mo € WH?(D;S?). A weak admissible relaxed solution of
is a 7-tuple & = (€0, F,{F:}, P, B, m, {q: }1e(o,7]) such that

e (2, F,P) is a complete probability space endowed with the filtration {F;} satisfying the

usual hypotheses, and §(-) is an R-valued F;-adapted Wiener process.
o {Gt}iepo,r is a P(LL?)-valued F;-predictable relaxed control stochastic process.
e m is a H'-valued F;-predictable stochastic process such that for P-a.e w € €2,
a). m(w,-) € C([0,T);L?) and |m(w,t,z)| = 1 for a.e. x € D and for all t € [0, T).
b). For every ¢ € C*°(D;R?) and every t € [0, 7], there holds for P-a.e. w €

(m(t), d)rz — (Mo, P)r2
= /O (Vm(s), m(s) x Vo), ds + a/o (Vm(s), V(¢ x m(s)) x m(s)) ds

L2

+ /Ot (/]L2 m(s) x vqs(dv),¢)IL2 ds+ 1t (/Otm(s) X a odﬂ(s),(b)m_ (3.2)

€ We refer to [I1}, 18] and references therein for the definition of Young measures.
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We denote the set of weak admissible relaxed solutions by LA{ad,w (mg,T). The relaxed optimal
control problem is then to find a weak admissible relaxed solution 7* such that

J(#*) = inf J(7) == Ag. (3.3)
fl’EZxA{adm, (mo ,T)

We say that 7* as in (3.3)) (resp. ¢*, the associated control in 7*) is a weak optimal relaxed solution
(resp. weak optimal relaxed control ) for (3.1)-(3.2).

Theorem 3.1. Let T > 0 be fized, and mo € WH2(D;S?). Then the relaxed control problem (3.3)
admits a weak optimal relaxed control.

Proof. Thanks to Corollary there exists a weak martingale solution of SLLG for u = 0,
and hence A is finite since v is Lipschitz-continuous and the solution m satisfies |m(t)| = 1. Let
T = (Q”, FrAFEY P, By, {q?}te[o’T]),n € N, be a minimizing sequence of weak admissible
relaxed controls, i.e., lim,, o J(7,) = A2. We will prove the theorem in several steps.
Step 1: For each n € N, we define the random Young measure A, on (Q”, Fr, P") by

An(dv, dt) = g (dv)dt.

Since As is finite, there exists R > 0 such that

g [ ] et an] = 5[ [ [ i a] < v (3.4

Define 7 : [0, T] x L? — [0, 00| as

2 if v e HY
)= § M e
+o00 otherwise

In view of [I0, Example 2.12], we see that 7 is measurable such that 7(¢, -) is an inf-compact function
on L2 for all ¢ € [0,7]. Thus, by (3.4), we get E”[fOT Jp2 (e, v))\n(dv,dt)} < R, and hence thanks

o [3} Definition 3.3] and [II, Theorem 4.3.5], we conclude that the family of laws of {A,}nen is
tight on Y(0, T;1L?).

Step 2: Since {1, }, is a sequence of weak admissible relaxed controls, one has

B[ sup [[Vma(0)]24] +En[(/OT I (s) xAmn(s)\ﬁzdS)q}

0<t<T
< +02En / / [v]24 7 (do) dt} <0, (3.5)

where the last inequality follows from . Again, P™ a.s., and for all ¢ € [0,T], the following
reformulation of (3.2) with Stratonovich correction term holds

mn(t) = mo +/0 My (8) X Amy,(s)ds — « /0 mn(s) X (mn(s) x Amy(s)) ds
¢ 2t ¢
+/0 g my(s) X vgl (dv) ds + 5/0 (mp(s) X a) X ads + ¢ /0 my(s) X adBy(s)

5
=mg + Z B,.(t). (3.6)

We want to establish tightness for the sequence of processes {my, }nen. It is due to (3.5)) that there
remains to validate a uniform bound in [ - |ly.4(0,7;L2) for some suitable 0 < v < 1 to apply
Prokhorov’s lemma. By long but elementary estimates there follows for 0 < vy < %

sup E" [HBHJH%VWA(O,T;]LZ)} § C V1 S 1 S 5.
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In view of the above estimates along with (3.6) and the moment estimate (3.5, we see that for
0<y< %, there exists a constant C' > 0, independent of n such that

sup E" |:||mn‘|%‘4(O’T;Hl)ﬂW’Y"L(O,T;]L2):| <C.
n

Let us choose v € (0,1) such that 4y > 1. Then, by [16, Theorems 2.2 and 2.1], W4(0,T;1L?)
is compactly embedded into C([0,T]; (H')*), and the embedding of L*(0,T;H) N W4(0,T;1L2)
into L*(0, T'; L?) is compact. Moreover, for v > i, we can apply [30, Lemma 5 and Theorem 3] to
conclude that the family of the laws of the processes {m,, }nen is tight on C ([0, T]; L?). Also, for i =
1,2,---,5, the family of the laws of the processes {B,, ; }nen is tight in C([0,T7]; (H')*). Hence, by
Prokhorov’s theorem, there exist a probability measure p on X := C([0,T];L?) x C([0, T; (H!)*)® x
Y(0,T;1L?) and a subsequence of {m,,, B, 1, Bn 2, Bs.3, By 4, Bus, A}, still denoted by same index
n, such that

,C(mn,Bnyl,Bn72,Bn)3,Bn74,Bn75,)\n) — . weakly as n — oc.

Step 3: The space X is separable and metrizable. Thus, by Dudley’s generalization of the
Skorokhod representation theorem, there exist a Probability space ({2, F,P) and a sequence of
random variables {m,,, B;, 1, B2, By 3, By 4, By s, An b and (Th, B, B>, B3, By, Bs;, )\) with values
in X, which are defined on (Q, F, P) and satisfy P-a.s.,

my, — m in C([0, T];1L?),
B,; — B, in C([0,T];(H")*) (1<i<5), (3.7)
An — A stably in Y(0,T;1L2),
and
(mna Bn,la Bn,?» Bn,Bv En,4; Bn,fm 5\n) i (mn; Bn,lv Bn,2; Bn,i’n Bn,47 Bn,57 )\n) VneN. (38)

The sequence {7}, satisfies the same estimates as the original sequence {my, },. In particular,

P-as., |mn(t,z)| =1, for a.e. z € D and for all t € 0,77,

- N T iy g 3.9
sup 2 swp @13 + ([ Imat) x Smae)17: )] < . (39
n 0<t<T 0
Furthermore, in view of (3.6 and (3.8]), one can conclude that P-as.,
B,1(t) = [y mn(s) x Ay, (s)ds
5 ad t ~ ~ ~
5 B - A
Mn(t) =mo+ > Bo(t), with Bra(t) = —a Jy ritn(s) x (1700 (5) x Adfin (5)) ds (3.10)
—~ ]:))mg(t) = Jo Jiz Mn(s) X v Ay (dv, ds)
B,4(t) = 4 [ (mn(s) x a) x ads.

Step 4: In view of the disintegration theory of measures, since A i Q= Y(0,T;1L2%) is a random
Young measure such that for every A € B([0,T] x L?), the mapping & — A, (©)(A) is measurable
and there exists a relaxed control process ¢" = {d?}te[O,T] defined on probability space (Q,]:' , ]5)
such that P-a.s., A, (dv,dt) = G*(dv) dt. Therefore, we can rewrite the term B, 5(t) as

t
B, s(t) = / i (s) X v§"(dv)ds, P-a.s., and for all t € [0, 7).
o Ji2
Revisiting (3.6)), for each n € N and ¢ € [0,7] we define the process M,,(t) on (", F™, P") as
4 t
M(t) = mn(t) —mo — 3 Boilt) = 1 / mn(s) % adf(s).
i=1 0

Note that M, (-) is adapted to the filtration generated by the processes {m,,¢"}, and hence is
adapted to the filtration {F}'}. Moreover, it is a {F}" };c[o,7)-martingale with quadratic variation

Qut) =12 [ ) af ds.
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For ¢t > 0, we now define the processes Mvn(t) and M on the probability space (Q, F, P) via

Ma(t) = 1 () —mo — > Byi(t) VneN, (3.11)
4:1
M(t) = m(t) — mo — Z Bi(t). (3.12)

Define a filtration {f?}te[o’ﬂ as
I =o{mu(s), @ :0<s<t} Vtel0,T]

Observe that thanks to the expressions in (3.10]), /Wn is an {ff}te[O’T]—adapted process. Define

Qult) =12 /Ot [ (s) % al? ds.

Since (mp, q") L (M, §"), we see that Vit € [0,T], M, (¢) < M, (t) and Qn(t) 4 Qn(t). Thus,

we infer that Mn is an {ﬁf}te[o’T]—adapted martingale with quadratic variation Qn

Step 5: We know that P-a.s., m,, — m in C([0,T];L?) as n — oo. Now we claim that

E’[ sup ||m,(t) — ﬁ%(t)”ﬁz] —0 (n—o00). (3.13)
t€[0,T]
To prove this claim, define A, := sup [, (t) — m(t)|[?.. Then A, — 0, P-as. as n — oo.

te[0,T]
Invoking Fatou’s lemma and the uniform moment estimate (3.9)), we have

EllA] < CE[ sup [inn@)lt: + sup_[m()]iL:]
te[0,T) t€[0,T]

<C E‘[ sup ||mn(t)||fi2} +liminfE~[ sup ann(t)Hfﬁz}
t€[0,T] " t€[0,7]

< C’supE[ sup ||ﬁ1n(t)||ﬂ4‘2} <C.
n t€[0,T)

This implies that the family {A,},ecn is uniformly integrable. Hence, we may use Vitali’s conver-
gence theorem to validate (3.13]). Again, in view of (3.7) and the definition of M,,(t), we have that
P-as., M, — M in C([0,T]; (H')*) as n — oo. Now we claim that

E[ sup || My, (t) — /K/lv(t)H%Hl)*} =0 (n— o0). (3.14)
t€[0,T]
To show that (3.14) holds, we define B,, := teb[%%“]HMvn(t) - M(t)Hle)*. Then B,, — 0, P-a.s. for
n — 0o. By using the uniform moment estimate (3.9)) along with (3.11)), we see that
supE[ sup ||/\7n(t)||;*Hl)*] <c. (3.15)
n te[0,T]

Again, we may invoke Fatou’s lemma and (3.15]) to establish (3.14)) by Vitali’s convergence theorem.

Step 6: In this step, we will identify the limiting processes By, By, Bs and By in (3.12). First we
want to identify Bs. Since A(@) € Y(0,T;1L2), like in Step 4, there exists a relaxed control process

{Gt}eejo, ) defined on (Q,]—', P) such that P-a.s., A(dv,dt) = ¢;(dv) dt. Let

) = [ mn@) x 0@ (dv), fult)= [ W) x v (dv), and f(t) = [ m(t) x v (dv).
L2 L2 L2

By using (3.13) and
[i(t, )| < |imn(t, )| =1, for a.e. z € D, and all t € [0,T], P-a.s., (3.16)
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we easily find
fo— fn—0 in L2(Q x [0,T];L2).
Next we infer that
fo— fin LX(Q x [0,T]; (H')*)  (n — o). (3.17)
To prove this, let ¢ € (L2(Q x [0, T]; (H')*))* = L?(Q x [0, T]; H") be fixed. We need to show that

E[/OT/L<m( ><v1/1()> (dvdt ”*°°~ / /]L wi()> (dvdt)}

where < . > denotes the duality pairing between (H!')* and H!. For this purpose, denote by T} €
C*°(R) a truncation such that

epn) < Tk < 1—p—1,k41)-
Thus, one gets that

’E//Lm wi()> dvdt //IL xv1/1()> (dvdt)”
<B[ [ [ mttolia (i <>wi<>> o dt)

_E[ATAQTk<||v||LQ>< (£) x v, () ) \(dv, dt>]|

+[2] /OT [ = ol ol (0 0 )|

+|a[ | ) [ =Tl sl @) o A, an) |

Note that

B[ [ 1= Tl et o) )

<[B[ [ Wl [, Tl ]|
< Cl oy ( I Xn<a><dv7dt>ﬁ<da>>

1o (" N :
s0||w||L2@X[o,T];H1>k<E[ L k}||v||ﬁmn<dv7dt>}>
vel2:v| 2>

C
< E”wHL?(QX[O,T];Hl) (3.18)

which holds uniformly with respect to n € N. Note that L% 5 v~ [Jv]|{, is lower semi-continuous.
Thus, as /\ —>)\stab1y in Y(0,T; L2 ), we obtalnP—ab

/ / ]| A(dv, dt) <hm1nf/ / ]| %2 3 (do, dt),

and hence, thanks to Fatou’s lemma,

T T
E[/ Hv||ﬁ25\(dv7dt)} < hminfE[/ / \|v||32ﬂn(du,dt)} <c.
0 L2 0 L2

Therefore, ([3.18) holds if we replace A by X on the left-hand side. In other words, one has

/ /{veL2IvILz>k} (t) % 0.6(0)) Ao (dv,d0)] < 1l g0

[N
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Finally, in view of [I0, Theorem 2.16], one gets

//IL wi()> dvdt //IL ><v¢()> (dvdt)H
||¢||L2 (%[0, T];HY)

for any k, and then holds by passing to the limit with respect to k

We are now in a position to identify the limiting process Bg(t). As, P-as.,
C([0,T); (HY)*), in view of the above discussion, we get that for all ¢ € [0, T]

Bn’g — Bg in
Bs(t) = / (s) x vis(dv) ds, P-as.
o JL2
Again, one can show by arguments similar to those in [8, Lemmas 4.5 and 4.9] that for all ¢ € [0, T
and P-a.s.,
En,l( )

<> Ji mls) x Arn(s) ds

=—q« fo ) X (rh(s) X
= zfo ) X

Step 7: Define a right continuous filtration {ft}te o.11 by
]:-t = U{(Th(

—~B
Bn,Q( ) _\B
Bn,4( ) AB

Arn(s)) ds in L2(Q x [0, T]; (H')*)

(n — o0)
ads.

5),3s) : 0<s<t}, tel0,T].

In view of the definition of M along with the identification of the terms ]31, ]§2, B; and By, it is
obvious that M is an {F;};c(0,7] -adapted stochastic process with values in (H')
that M(-) is an Fi-martingale with quadratic variation

/ [ (s) x al? ds.

(3.19)
Let 0 < s <t < T and ¢ € Cp(C([0, s]; (H')*) x Y(0,s;L?)). Note that, since M, is an F
martingale, we have

. Next we claim

E[(Ma(t) = Ma() 9070 An)]| = 0.
Moreover, we use and to have

0= E[(ﬂn(t) - Mn(s))(b(mm j‘n)} = E[(M(t) — M(S))(b(

i, X)} .
This gives the martmgale property of M with respect to the filtration F. Again, since a € W™
thanks to and ( , we verify
EL s[up 1@n(t) - Q<t>||L2(D>} < Clua)B| sup_ [l (s)
€lo

- m(s)n;@} 0 (n— ).
0<t<
(25 c Cb(O([

Combining these results, as M,, is an ]:"t”—martingale with quadratic variation Q,,, we have for any
0, s]; (HY)*) x Y(0,s;L2)) with 0 < s <t <T

0 =EB[(M2 () = M2 (5) — (Gult) — Gu())) 607, An)]
F B[(ME(0) - M2 (s) - Q) — Q) (. V).

Thus, noting the martingale property of M , we conclude that @ is the quadratic variation of M
where @ is defined by (3.19).
Step 8: We have shown that P-a.s.,

M(t) =m(t

mo—/m x Am(s ds—i—a/m
/ m(s) x vs(dv) 57—/
]LZ

(m(s) x Am(s)) ds

) X ads

(3.20)
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is a F;-adapted martingale with quadratic variation Q( ) Thus, by the martingale _representation
theorem, there exist an extension of probability space (Q, F, P), still denoted by (€2, F, P), and a
R-valued Wiener process 3 defined on (, F, P) such that

= L/ m(s) x adp(s). (3.21)
0
Combining (3.20) and (3.21)), we conclude that P-as.,

mo+/m ) x Am(s dsfa/m (m(s) x Ar(s)) ds

—|—/ ., m(s) X vgs(dv)ds+¢ /0 m(s) x aodf(s) in (H)*. (3.22)

le., T = (Q,]:", {.7:}}, P,B,m, {@t}te[o,T]) € Z;Iadw(mo,T) if we show that P-a.s.,
|m(t,z)| =1 Vtel[0,T], and a.e. x € D. (3.23)

We can achieve (3.23)) in the following way: Let ¢ € C§°(D). We apply It6’s formula to the function
L? > uw (u,du L2 and arrive at (cf. [8, Proof of (2.11)] under small changes)

(’ﬁ’l(t)7 ¢m(t))L2 = (m07 ¢m0)L2'
for all t € [0,T]. Since ¢ is arbitrary and |mg(z)| = 1 for a.e. x € D, we infer that P-a.s.,

|m(t, z)| =1, for a.e. € D and for all ¢ € [0,T].
Step 9: Observe that

S :[0,T] x L? — [0, 0]
2q
(t,v) — [lvllm
is a measurable, non-negative, and lower semi-continuous convex function. Thus, since A = A

stably in Y(0,T;1L?), invoking [I1, Proposition 2.1.12], , and the property (3.8) along with
Fatou’s lemma, we get

3@ =B [ 1o - m@lteas [ [ 23] + Bsoa)
gnmmf{g{/T (772, () — m(t)]|22 dt+/0 /IL Hv||§gxn(dv,dt)} +E‘[¢(mn(T))]}

0
T
~ liminf {En[ | oo = s + ol M. an)] + 22 w(mn(T))}}

n—oo

= liminf J(7,) = As.

n—oo

This implies that 7 is a weak optimal relaxed solution for the control problem (3.3]) and this finishes
the proof. O

4. PROOF OF THEOREM

With the help of Theorem we may now prove Theorem
For 7} = (Q", F" {F'}, P", Bn,mn, uy), let {m};n € N} be a minimizing sequence of weak admis-
sible controls i.e.,
lim J(7}) = A;. (4.1)

n—0o0

Define ¢f*(dv) = 6y, (1)(dv) in the weak relaxed control problem. Then {#2;n € N} where

72 = (Q, F {FY, P, By, {f beepo,r) is a decreasing sequence of weak admissible relaxed

controls for the same underlying problem. By evidence, J(7}) = J (7#2). By the proof of Theorem
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there exists a weak solution 77 = (Q,]:', {]:'t},P,B,m, {qt}te[o,T]) such that (3.22) holds. We
now define the {ft}te[o,T]—predictable stochastic process @ via

at) = /IL vai(dv). (4.2)

Evidently E[fo a(s)||28 ds} < E{fo [ [0l s (dv )ds} < 400. Moreover, we have P-a.s.,
la()||L: < K for a.e. t €[0,T]. (4.3)

To prove this, let ¥ : x — (|z| — K)T. For A = ¢,(dv) ds, and A, = ¢§*(dv)ds, we have \, — A

stably in (0, T;1L2) and A, LW (= 0y, 1,y (dv)dt) (see (3.7) ). Thus by Jensen inequality, stable
convergence of Young measures, and then equality of laws, one has that

=y “w(jae) ] < B / ) [, ¥ (1ol) dutav) ]
< limninfE[/OT /]L2 \II(HvHLz) G2 (dv) ds]
< liminf " [/OT /IL 0 (o2 3 (dv) ds|

_ limninfE"[/OT\IfOun(s)||]Lz) ds} =0,

since |Juy,(s)||L2 < K for a.e. s € [0,T] and P™- a.s. This validates (4.3). Now, since the control
acts linearly, we have

/Ot ., m(s) x v s(dv) ds = /Ot (m(s) x /]L2 v Gs(dv)) ds = /Otm(s) x ii(s) ds.

Thus, we see that the following stochastic PDE holds: P-a.s. and for all ¢ € [0, T]

m0+/m ) x Arn(s ds—a/m m(s) x Armf(s)) ds

+/0 m(s) x a(s) ds—l—L/m x aodf(s).

Hence ©* = (Q, ]:',{ 1 P, B,m, 1]) € UY(mo,T). Now, in view of Jensen’s inequality, we obtain
5 = B[ [ (It = m(®l2 + 15012 de] + E[pa(r))]
T
- B| / (Im(t) = (@l + | / 0@y (dv) |24 dt] + E[w(n(T))]

<E[[" [ (1o - moEs + 101) Mo, an] + BLoGa(r)]
< liminf J(# )—nh_{réQJ(wn) =A;.

n—oo
In other words, 7* = (Q,f, {]:'t}, P7B,m7ﬂ) is a weak optimal solution for the control problem
(2.1)-(2.4) and this finishes the proof of Theorem

Remark 4.1. We proved Theorem by constructing an optimal relaxed solution 7* of (3.3
first via the compactness of Young measures on Y(0,7;1.?), and then the process defined in
was shown to be part of a weak optimal solution 7* of the problem where we exploited
the fact that the control acts linearly in the PDE (2.1). A different strategy to verify Theorem
which is also based on the linearity of control , is to use the Jakubowski-Skorokhod
representation theorem (cf. [25]) instead of the classical Skorokhod representation theorem. Let

{mn}n be such that (4.1) holds. Then supE | fo [un(t)|[32 dt] < R for some R > 0. Following

Step 2 in the proof of Theorem |3.1, we see that {E mnaBn,lgBn,27Bn,37Bn,47Bn,57un)}n€N is
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tight on the space X := C([0,T];1L?) x C([0,T]; (H')*)® x (L?9(0, T; H'), w)ﬁ; see Step 2 in the proof
of Theorem for notation, where B,, 3 is replaced by fot My (8) X up(s)ds. Note that (X, w) is
not Polish but a separable space endowed with the weak topology. We may apply the Jakubowski-
Skorokhod representation theorem on the space (X, w) to ensure the existence of a probablhty space
(Q F, P) and X-valued Borel-measurable random variables {m,,, Bn 1, B, 25 B, 35 Bn74, Bn75, Un }n
and (m,Bl,Bg,Bg,B4,B5, ) such that

S A B B B B -4
(mnaBn,lvBn,Q;Bn,San,4aBn,5aun) = (mnaBn,laBn,ZaBn,37Bn,4»Bn757un) VneN

and P-a.s., (ﬁzn,f’:n 1,]§n 2,]:%” 3,]§n + B, 5,11n) converges to (ﬁz B.,B,.B;,B,, B;, ~) in the
topology of X. One may now go through the following Steps 4-5 and 1dent1ty the limiting processes
B, : i = 1,2,4 as before. Since the control acts linearly in the equation ({2.1f), by usmg the weak

convergence of u,, and the strong convergence of m,, it is easy to see that B3 fo s)ds.

The argumentation in Steps 7-9 then establishes that 7 := (Q7 .7-', {}}}7 P, 57 m, u) isa Weak optlmal
solution for the control problem ({2.1f)-(2.4).

5. FINITE ELEMENT APPROXIMATION OF THE OPTIMAL CONTROL PROBLEM

In this section, we prove Theorem for the finite element approximation of problem and
d =1, g > 4. We already pointed out that probabilistically strong solutions of SLLG ([2.1]), and their
h1gher spatial regularity propertles are needed for this purpose, which ex1st thanks to Corollary-
Let m* = (Q*, F*, {F;}, P*, 3%, m*,u*) be a 7-tuple from Theorem By Corollary. (m*,u*)
satisfies the following estimates:
P*-as., |m*(t,z)| =1, for all t € [0,T] and every x € D,

* * T *
B[ sup lm ()3 + fy 1 Am”(0)|22 dt] < +oc, (5.1)
0<t<T
Pras, |ur (Ol < K forae.t € 0,7] and B[ [ [lu (D)3 dt] < +oc.

Consider also (7.21)), where u is replaced by Rpu* on the stochastic basis (Q*,}"*, {F}, P*) and
by *. By Lemma the SDE (7.21)) with u = Rpu* has a unique continuous, {F; }-adapted
strong solution mj. Below, we use the L2-projection P, defined in (7.9).

Lemma 5.1. Let (Q*,f*, {ft*},P*,B*,m*,u*) be a T-tuple as stated in Theorem. Let my, be a
strong solution of (7.21)) with u = Ruu* on the same filtered probability space (¥*, F*,{F;}, P*).
Set
Q}’; = {w e sup |m*(s)|f < R} N {w e sup |ma(s)|in < R}
’ s€(0,t] s€(0,t]
where R > 0 is fized. Then, there exists a constant C > 0, independent of h and R such that

sup E* [IQ*,;L Pr(mp — m*)(t)||ﬂ242} < ChRexp(CTR).
0<t<T Rt

Proof. Step 1: Error equation and its estimate. Define &, = mj — m*. Then P&, satisfies the
SDE

APRER(t) = { — a(Tnlmn(t) x (ma(t) x Apmn ()] — Palm*(£) x (m* () x Am*(t))])
+ (Zuma () x Apmn ()] — Palm*(£) x Am* (t)

)
+ (Zulma(t) x Ruu ()] = Palm”(£) x w (1)) (5.2)
+ 5 (Tal(ma(t) x @) x a] = Pul(m* (1) x @) x al) } dt

+ o(Zn[ma(t) x a] — Pp[m*(t) x a]) dB*(t),
and P&, (0) = Ty, [mo] — Pu[mo]. Apply Itd’s formula to the function z — ||z||?, to get
[Prén(t)|F

fWe denote by (X,w) the topological space X equipped with the weak topology.
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= |Pr&n(0)|I72 + 2/0 (Ih[mh(s) x Apmp(s)] — Pr[m™*(s) x Am*(s)],73h£h(s))]L2 ds
4o / (Zalmn(s) x Ruu ()] = Pulim* (s) x u* ()], Paa(s))_, ds
- 2a/0 (Ih[mh(s) x (mp(s) X Apmp(s))] — Pr[m™(s) x (m*(s) x Am*(s))],thh(s))L2 ds

+ L2/ (Ih[(mh(s) x a) X a] — Ppl(m*(s) x a) x a],thh(s)> ds
0

L2

20 [ (Tmn(s) x al = Pali” () x ) Puta(s)) a5 (5)
+ ﬁ/o Tl (s) x a] — Pulm(s) x a||%, ds

6
= || Prén(0)[1£2 + Z Bi(t). (5.3)

Observe that, thanks to ([7.5)), the boundedness of my, in >, the H!- stability of Zj, (cf. [7, Theorem
4.4.4]), the interpolation error estimate ((7.6]), and the inverse estimate ([7.7))

= 20 (Zulma(s) x (mi(s) x Auma(s)], Pra(s) ) |
= =20 { (ZTulma(s) x (ma(s) x Bwma(s)] Paéan(s))
— (Zulma(s) x (ma(s) x Apmn ()], Paga(s)) |
—20(Tufm ) x A (3)), Prgals))
< <>(||<zhf1d>[mh<s> (ma(s) > Anm()lz + 18w (s)]lee ) [VPuEa(s) o
=20 (Zufmn(s) x (ma(s) x Apmi ()] Pada(s)),

< C(@)h]| Anma(3) 2 [V Pa&n($)l12 = 20 (Zulmn(s) x (mn(s) x Anma(s)] Pada(s))
= Eg,,l(s) + §372(S).

By using the vector identity bx (¢ x e) = ¢(e,b) —e(b,c) V bc,e€ R3, the discrete sphere property
and the definition of the discrete Laplacian Ay, we rewrite B3 o(s) as

Ba(s) = ~2a(Awma(s),mals) x (mals) x Paén(s)) )

= —20(Anma(s), ma()(ma (), Pt (5)) = Préa()ma(s)?)
= 20(Aumn(s), Paga(s)),, = 20(Bwma(s), Tulma(s) (ma(s), Putn(s))])
= ~20(Vmn(s), VPun(s)) 2 + 20 (Vima(s), VTulmn(s <mh Pra(s)]).,
= —20(Vmy(s), VPrER(s)) 2 + 2a(th(s), V[ma(s)(mn(s), Pugn(s))] )M

+ QQ(th(s), V(Zh — 1d)[mn(s)(mn(s), Prén(s )N)U
= —2a(Vmu(s), VPREW(s)) Lo + 2a(|Vmn(s)|*mn(s), Paén(s)) 2

+ 20 ((ma(s), Tma(s))., V(ma(s), Puéa(5)) )

+ 20 (Vma(s), V(T — 1)ma(s) (ma(s), Paa(s))])

= —20(Vmi(s), VPh&n(s)) . + 20([Vman(s) Pmn(s), Pagn(s)), + B3 1 (s) + B3 (s):
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On the other hand, thanks to (7.9), and unit length property of m*, we infer for the other term in
B3 that

(Pulm* () x (m* () x Am* ()] Pacals)) |

— (V™ (), VPun(s)) s — (IV* (5)2m* (5), Paca(s)) .

A combination of these considerations yields
t

But) < 20 [ (Vi) VPin),, ds + 20 (\th<s>|25h<s>,7>hfh<s>) ds
+2a/0t((|th<s>|2—|Vm*<s>) “(5), Puci(s ds+2/ B}, (s

t
+ C)h / | Anmn () 12 [V P (5) e ds

3 t
= Z Z B3 1(s)ds+ | Bsa(s)ds.

0

In view of , and Young’s inequality, we have for € > 0

B;i(t) = 7204/ VEL(s)||22 ds + 2a/0 (th(s)7V[m*(5) — ’th*(s)])]L2 ds

IN

20 [ V662 ds + C@h [ 1966l m ()]s d

IN

(=20 +¢) / 1Ven(s) 2 ds + Cla,2)h / | Am* (5)[122 ds.

By elementary estimates, we easily obtain (e1,e2 > 0)

t t
Bua(t) < &1 [ IVEE: ds+ Clae) (14 sup [Vnao)lEa) [ (o) ds

0<s<t

t t
Bualt) o [ [V6n(s)Eds+C sup (L+[Tma(o)lts +[9m (s)E=) [ 1Puga(s) ds.
0 0

0<s<t

An argumentation similar to Ag (cf. (7.26))), reveals that
[ Bae1ds < Clan [ (I IVm o)+ IV Pra ) [ Va5 ) s
<es /Ot IVEn(s)|[E ds + C(es, a)h? /Ot IVmn(s)||2a ds
+C [ HITm )2 P 5 9 ) e s

t t
ey / IV64(5) 22 ds + C(es, o)l / IV (s) 4 ds + BL (1),
0 0

where in the last line we invoked the inverse estimate (7.7). In view of the inverse estimate ,
Young’s inequality, the Gagliardo-Nirenberg inequality for d = 1, and the H'-stability of the pro-
jection operator Py, we obtain for 4 > 0

t
BL(1) < C / B2 [ Pan(s) e | Frmn(s)|22 ds
0
t t
<ch / IV (s)[82 ds + C / 1 Puén(s) e 16n(s) s ds
0 0

t t t
<ch / |V (s) €2 ds + e / 16n(5) 12 ds + C(ea) / 1 Paén(s)]122 ds.
0 0 0
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Next we estimate B§,1(5)~ Let ¢ = mp(s)(mn(s), Prén(s)) and ¢ = [Zj, — Id]tp. By the definition
of Ry, in (7.11)), and of discrete Laplacian Ap, we may rewrite Bg,l(s) in the form

B3 1(5) = 2a(Vimu(s), VR1) ., — 20 (ma(s), (1d = Ra)o) |
= —QQ(Ahmh(s),Rhgb)h —2a (mh(s), (Id — Rh}gb)m
=B3(s) + Biz"{(s)-

We first consider Bg ?(s) By the estimate , the H'-stability of Rj, interpolation estimate
. the H'- stability of P}, and the inverse estlmate ., Young’s inequality, and the fact that
V2¢h|K = 0 for all ¢, € V},, we have for e5 > 0

B31(s) < C(@)h||V[Ry —1d]¢|lrz < C(a)Al|[Tn —1d]3) s
C(a)h2 (92 mn () (mn(5), Pu ()]l
< C()1? (I ()l IV Pugn() e + I () 212 Paén(s) )
C(0)h [V (s) L= 1Y€ ()2 + C(@)h? (11Pngn(s) 12| V() |z + I Vma(s) )
< &sl|VEn(3) 2 + Cles)h (I Vmn(s) 22 + [ Pan(5)l122 ) + C(a)hlVma(s)li-

We use (7.13)), (7.5), (7.8)), the H!- stabilities of R, and P, the interpolation error estimate (7.6]),
and the inverse estimate (7.7) in combination with discrete sphere property to conclude

B3} (s) < C(a) | Amn(s) 1 (I1d = RuJolles + 1|6z )
C(e)|Anma(s)lluz (AIIZn — Tdjlm + (T — 1)y ez )
C(a)hZHAhmh(S)HM||V2[mh(5)<mh(5)athh(smﬂmz
C(a)h?|| Apmn(s)]|L> (||th(3)||L<>c IVER(s)[lL2 + vah(S)HHQfl||77h§h(5)HLoo)
< C(@)hF [Vmn(s) 2 |V€n(s) 1z + C(@)RI Vma(s) ez Vima ()24l Pagn(s)lluee
C(a)h? || Vimn(s) 1221V En(5) Iz + Ca)hZ || Vimn (s)lIE | Paén(s) -
C(a)h? |[Vmn(s) 122V (3) |2 + ClIPAE(3) 1 VER(S) [z + Cla)hl| Vi (5)] S
< eoll VEn(3) 2 + C (a6, @) (I1Pn&n(s) 22 + RIVmn(s) 2 ) + C(@)h| T (s) [fs.

Combining all the above estimates, we obtain

6 t t
Bs(t) < (—20+e+ ) &) / [VER(s)[[F2 ds + (C + Cleq, e5, 26, @) / [Prén(s)|[f ds
i=1 0 0

t
+C s (IVma ()l + 19" @) ) [ 1Pun(s) e ds

0<s<

t
+h [ {(1+ Clen,zac0) | Tmu()lEs + [Vma(s) [ + Cles) [Vmas) 22
0

¢ ¢
+ ||Am*(s)Hﬂ%z} ds + C(El)hoiugt |V (s)|tz /0 [Vm*(s)||22 ds + /0 Bsi(s)ds. (5.4)

Next we consider B (t). Notice that in view of (|7.5)), and the definitions of the discrete Laplacian
and projection operator Py, (cf. (7.9))), one has

(Zn[mn(s) x Ahmh(s)]vph§ (5)) 2
= {(Ih[mh( ) X Apmn(s)], Puén(s)) 2 — (Znlma(s) x Ahmh(s)],Phgh(s))h}
( [m ( ) X Ahmh(s)]vphfh(s))h
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< CHITPEn ez (1T — 10)ma(s) x Amn(s)]le + | Auma(s)]e2)
+ (Zn[ma(s) x Apmn(s)], Prén(s)),
< (Vmu(s), Vma(s) x Puén(s)]), +ChHAhmh( Mz IVPr&n(s)llL2
= (Vmn(s), mn(s ) X Vphfh 5)])p2 + Ba(
and (Ph[m*(s) x Am*(s)], Prén(s )]LQ ( ) m*(s) x VPhgh(s)])]L2

As a consequence, we obtain the bound

Bi(t) < 2/0 (Vgh(s),mh(s) X V’Phgh(s)])1L2 ds —|—/O B;,1(s)ds
2/ (Vm*(s),&n(s) X VPréR(s)]) . ds
0

_B11 /B31 dS+B12()

Since (V& (s), mu(s)x VEx(s ))]L2 = 0, in view of a Gagliardo-Nirenberg inequality for d = 1, (7.10)),
the H!- stability of P, and Young’s inequality, we obtain the following bounds for By ;(t) (i = 1,2)

t
B,1(t) = 2/ (th(s)ﬂnh(s) x V[m*(s) — th*(s)])L2 ds
’ t t t
<Ch [ 961 (9)ua ds < o7 [ [960(6) B ds+ Clenh® [ (5) 2 ds,
0 0 0
t
Bia(t) < C [ 19" (6)]ual16 (917652 ds
t t
<z [ IVE@IE ds+ Cleo)(1+ sup 1m(9)IEa) [ (o) ds

t t
<o [ IV s+ Ce (14 s [Tm(s)IEs) [ IPaea(o)E:

0<s<t

t
+Ceh(1+ sup [Vm L) [ ()] s

where €7,eg > 0. Thus, we have

Bu(t) < (er +es) [ IVEn(s)Ea ds+ Ceo) (1+ sup [V (s)lE) [ IPuca(s) I s

olete
+Clegh(1+ sup [9m @) [ Im @l ds+ Cenp? [ 1am" @)1 ds. - (55)
Now we estimate By(t). Thanks to
(Tulmn(s) x R ()] = Palm” () (5}, Paa(s))
= (&n(5) x Ruw (5). Pt (9)), + (m(5) x (Ruuw* () = (5)), Pué(s)) |
+ (T = 1) (s) x Ruu* (5)], Pucn(s))

= B2.1(s) + Ba2(s) + Bas(s).

We use the interpolation error estimate ([7.6)), i) of Lemma the H'- stability of Ry, and the
inverse estimate (7.7 to estimate

Bas(s) < CAIIPAEN(s) IV (ma(s) x Ry (5)) o
< ChIPugn ()l (I (Ml + [V (5) e [ R (3)]2)

< CIPugn(3)lla (Rl (5) o + B3 [V (3)]z s (5) s )

L2
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< ClIPEn()IE + Ch(llu (3)lids + IV (s) 2 + llu* () [ ).
Similarly,
By (5) = (60(5) % R (), Puca(s) — () o < Ch((lu”(5) 2 + i () )
Ba,2(s) < ClPuén(s)llez[|(1d = Ru)u*(s)l|Lz < Ch?||u”(s) |l + CllPaén(s) 122,
where in the last inequality, we invoked (7.13)) and the H!- stability of Rj,. Therefore, we obtain
t t
Ba(t) < Ch [ (IVma(s)ia + o (5) s + )]s + [ ()]s ) ds+ € [ [Putas)lEa s
(5.6)
Since a € W1, by the interpolation error estimate (7.6)), i) of Lemma and , we obtain
(Zalma(s) x @) x a] = Pallm*(s) x @) x al, Pag(s)) |
= (@ ~10)[(ma(s) x a) x al. Pata(s)) |+ ((&n(s) x @) x @, Paga(s)
< CIPaga(s) 22 + Ch(IVmn(s)2: + [ Val + [ ()] ),

L2

and therefore
t t
B <C [ IPuta(s)lads+ Ch [ (I9ma(s)Ie + Vel + I (9] ds. (5.7

We continue with Bg(t). Thanks to the boundedness of the solutions in L>°, (7.6]), (7.10), and
keeping in mind that a € W™ we get

Bs(t) < ﬂ/ (@0 = 1) ma(s) x a7 + [[(1a = Pu)lm*(s) x a1 + [|¢n(s) x a7 ) ds
0
<Ch [ (IVma(s) x all + [VIm(s) x allEa) ds+ € [ fe(s)I ds

t t
<Ch [ (IVma(@lE: + I (s +IValls)ds+C [ IPealEds. (53)

Thanks to Young’s inequality, for eg > 0

/ By (s) ds < oo / IV6(5) 22 ds + C(e0)h / | Apm ()]s ds. (5.9)
0 0 0

Step 2: FEstimates on Q*RZ and Gronwall’s lemma. We combine (5.4),(5.5), (5.6), (5.7]), and
(5.8) along with (5.9) in (5.3) and choose €,¢e1,¢e9,¢€3,¢€4, €5, €6,€7,€8 and g > 0 such that 2o >
e+ & Then

t
Pt 022 < Chllmolfs +C s (IFmn()]s + 17 ()1) [ Puca(s) |22 ds
t t
+C [ 1Prn(@)Bsds+ Ch sup (14 [Vma(s)ls + [9m* () [ (9] ds
0 0<s<t 0
t
o [ {nwnﬁz 0t G+ o 6+ ) s + A (9]

+ [ Anmn(9)[E2 + lma(s)[Ea + [IVmn(s)|Lz + Ith(S)||ﬁ2} ds

+2 /0 (Ih [m(s) x a] — Py[m*(s) x a],Phﬁh(s)>]L2dﬂ*(s). (5.10)
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We now restrict the estimate on Q}}}; Note that
*,h *,h
Qp, C gy (0<s<). (5.11)
Thanks to (5.1), i)-iii) of Lemma [7.3] and (B.11]), we obtain from (5.10)

t
B 1y IPan(0)12:] < Cho+ CRU+ CRE'[ [ 10 [Puta(s) 2 ds]
| | Loqt

+20E* {lﬂ}gﬁ /Ot (Ih[mh(s) X a] — Pplm*(s) x a],thh(S))L2 ag* (s)]

By using (7.6)), (7.9)), (7.10)), the boundedness of the solutions in L*°, Itd’s-isometry, Cauchy-Schwarz
inequality, the L2-stability of P}, and the fact that (fh(s) X a,{h(s))p =0, we get

5 [t [ (Tlma(s) % = P 6) x . Paca))a 4]

7t

- {E[/ot (Zulma(s) x al = Pafm* (s) x al, Paga(s)) ( ds}}%

<cfe|f
<anfer| [ " (IVma(s) s + IVl + I ()l + ln(s)1 ) 5]} < o

Thus,

((Ih —Id)[mn(s) x a]aphﬁh(s))m + (fh(s) % a, Prén(s) — &n(s ) ’ ds} }%

Nl=

t
B (1 IPai O] < CRA+CRE[ [ 1000 [P (9 ds].
Hence, thanks to Gronwall’s inequality, we obtain

s (.1 P& (t)2:] < ChRexp(CRT),

for some constant C' > 0, independent of A and R. This completes the proof. O

5.1. Proof of Theorem With the help of Lemma we will prove this theorem in three
steps.
Step 1: Let 71, = (Q*,fﬁ{f;‘},Pﬂﬁ* mh,Rhu*) €Uy pn(mo, T) and

= (O, F* {Fr Y, Pr, % m* ut) € U (mo, T) such that J(7*) = Z/{ir}f - J(m). In this step,
TeU (mo,

we show that J,(7) — J(7*) as h — 0. Let C' > 0 be the constant in Lemma We set
R= &7 log(h~?) for some constant § > 0 which will be chosen later. Then,

= log(h™°). (5.12)

h
sup B [Loa[Paéi (1)) <
0<t< Rt

For 0 <t < T, let us calculate P*((Q}};) ), where (Qp t) denotes the complement of QR pin QF .
In view of Chebyshev’s inequality, and the special choice of R,

PHQh)7) < P*({w e sup |Im*(s)||L > R}) + P*({w e sup |lmu(s)||L > R})
s€[0,t] s€[0,t]

B[ swp (Jma(s)ls + ()] < o

cT } <
0<s< - log(hié).

< W (5.13)

Next we compute P*(thfh(t)H]Lz > ChT> for some 7 > 0, which we will use to estimate the
functional in (5.15). By using Chebyshev’s inequality, estimates (5.12)), and (5.13)), we get
P (IPuen®llz > Ch) < P ({IPagn(®)lle > O} N Q3% ) + P ()

1
< cara B (Lo 1P (0I2:] + P ((255))
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pl-0-27 C
< ————log(h™%) + ———
< ez sl ) T ey
which yields that
h1—6—27— é
P* t , ChT < 71 h_6 _— 514
oiﬁ% (”Phgh( M > ) - TC? o8 )+ log(h~?) ( )

Note that P*-a.s., |mp(t,z)] < 1 and |m*(t,z)| = 1 for all ¢ € [0,T] and every x € D. Thus, since
t is Lipschitz continuous on LL? by using the triangle inequality, and the binomial formula, we have

T
| Ju(7) — J(x*)| < E* [/O ([mn(s) = m(s)7a = () = 1n(s)

8 [ [l ~ TN, (o) - mol

i

T
+ B [/O [[mn(s) = Zalm(), = [lmals) = Zalm(s)]|7s

i

5[ [ |IRuw 12 = 2] ds] + [ () = (T
=h+D+T+Ts+Ts. (5.15)

Let us first consider the term J;. Thanks to the estimate (5.14]), the L2-stability of the projection
operator Py, and the boundedness of m™ and my, in L°°, we have

g <om [ [ )~ @)1 ] < B[ [ 1Paelie ] + on

T
<c[{/ +f V1P ()]s dP* () ds + Ch
0 {w:{|Prén(s)llL2>Ch7} {w:IPrén(s)llL2<ChT}

h175727 s C

< ——log(h™ ——— + Ch" + Ch.

< g los(h)+ log(ho) "ot
We proceed similarly with J5 and find the same bound. Since m € H!(Dr;S?), by  using the
interpolation error estimate (7.6), and the fact that ||Z,¢||L~ < ||¢|lL~ for all ¢ € C(D;R?), we
find that Jo < Ch. Again in view of ([7.5)) and (7.6]), one can find the same bound for J3. Next
we estimate J;. Note that for a.s. w € Q*, Ryu*(s) converges to u*(s) in H! for all s € [0, 7], and
therefore HRhu*(s)H;ﬁ converges to ||u*(s)\|§]1q1 Thanks to the H!- stability of R, and (5.1)), one
can use the dominated convergence theorem to conclude that J5 — 0 as h — 0.

Let us choose d,7 > 0 such that 274+ < 1. Now, we combine these results in (5.15]), and choose

6 and 7 as in the above discussion. The result is

h176727

‘Jh(ﬁh) — J(ﬂ'*)| < T

log(h™°%) + +Ch™ +Ch+Js — 0 (h — 0).

¢
log(h=?)
i.e.,

Jn(@h) = J(7*)  (h—0). (5.16)
Step 2: Fix h > 0. Let } = (Q, Fn, {F{'}, P", Bi,mj,,up) € Uy 1, (mo, T) be such that

Jh(ﬂ';:) = inf Jh(ﬂ').

ﬂEU&‘fiyh(mo,T)

In this step, we show that J(7*) < Jp(7}). Note that problem (7.21) has a probabilistically strong
solution on a given filtered probability space for u = 0. Thus, there exists R > 0 such that

Eh[/OT g (£)]124 dt] <R. (5.17)
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Moreover, m; satisfies the bounds from Lemma Furthermore, P"- a.s., and for all t € [0, T],
we have

mit) = Tmal + | Tufmi o) x A (9] ds + [ i (s) x [ wbig (o)) s

_ a/o Tumi(s) x (mi(s) x Apmi(s))]ds +

. /0 Tu[(mi(s) x @) x a] ds

+¢ /0 Trn[m;(s) x a] dB(s).

Define the associated Young measure Ap,(dv,dt) = (5u2(tﬁ_)(dv) dt. Then, repeating the same argu-
ments (cf. Step 1 of the proof of Theorem [3.1)) we infer that the family of laws of { A }r>0 is tight on
Y(0,T;1L?). Moreover, by proceeding similar to Steps 2-3 of the proof of Theorem there exist

a probability space (Q,]:"7 ]5), a sequence of random variables {(ﬁl’g, ;\h’BZ)}hm and (ﬁz*, S\,B*)

defined on (2, F, P) with values in C([0,T]; L2) x (0, T;12) x C([0, T]; R), such that for all & > 0
i — m* in C([0,T];L2),

(Wi, Ay Br) 2 (mf, A, B7), and  P-ass.,  { Xy — X stably in Y(0, T;12), (5.18)

B, — B* in C([0, T];R).

Since P-a.s., Ay, A € Y(0,T;12), there exist relaxed control processes {@"}eo,r) and {G}eepo,1)

defined on the probability space (Q, F, P) such that P-a.s.,

Mu(dv,dt) = @t (dv)dt,  and  Xdv,dt) = G,(dv)dL.
We define the filtrations: for ¢ € [0, 7]

Fl=o{(mi(s),d" Bi(s)) : 0< s <t}, and F, =o{(m*(s),dsB7(s)):0<s <t}
Thanks to (5.18), we have 7, = (Q, F, {F}'}, P, By, i, iif) € U, h(mo,T) and
In(Tn) = Jn(m), (5.19)

where @} (t) = [;.v @ (dv) satisfies (2.3). One can use (5.18), i)-iii) of Lemma and adapt
a similar argument as in Steps 5, 6 and 8 of the proof of Theorem along with [8, Lemma

5.2] to obtain a 7-tuple 7* = (Q]:', {ft},P,ﬁ* m*, u* ) € U¥(mo,T), where @* is defined by
w*(t) = ;. vGe(dv) satisfying (2.3)), and 3% is a {F;}-adapted real-valued Brownian motion.
Next we calculate J(7p,). We see that

J(7n) = B| / ) (lls.(8) = (|7 + s (0138 ) dt] + Bl (7))
~ OT ~
= B[ [ (I = Tlmoll; + 170012 ) @] + B (1)
+ E[/OT (||m;;(t) = ()2 = [l (0) = Tan@)|[; ) at]

= Ju(Fn) + B / (Nl ) = ()72 = [l (8) = Tl ) dt]
= Jn(7n) + Jerror (Th)-

We proceed similarly (cf. J3 and Jy) to have Jeror (7) < Ch yielding J(7,) = Jp(7n) + O(h). We
may then adapt the arguments in Step 9 of the proof of Theorem to obtain

J(x") < J(7") < liminf J (74) = lim inf (Jh<7~rh) + (’)(h))
= limhinf Jn(Tr) = limhinf Jn(mp) < Jp(7r),

where the first inequality follows from the fact that J(7*) = inf J(m).
TeUY (mo,T)
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Step 3: Since J(7}) = inf Jn(m), by Steps 1 and 2 we have
TeUY, ,, (mo,T)
J(’IT*) < Jh(’f(;) < Jh(ﬁ'h) — J(ﬂ'*) as h — 0,

where we have invoked ([5.16) to have the last expression. In other words, Jy, (7)) — J(7*) as h — 0.
This completes the proof.

5.2. Proof of Corollary Following the proof of Theorem |ZIL we see that there exist a
probability space (Q, F, P), and related weak optimal solutions 7}, = (Q, F{F!Y, P, B, m;, ﬂ;) €
UL ), (mo, T) and 7 = (Q,F,{F}, P, B*,m*, i*) € UY(mo,T) such that P-as.,
iy, —m* in C([0,T);L%); B — B* in C([0,T];R).
for h — 0. Moreover
@ — @ in L*(Q x (0,T);HY), and Ju(7}) = J(7*) = J(z*)  (h—0).

Therefore, it remains to show the strong convergence of %7 to 4*. Define

T T
o) i= [ [ 172 as]. and 0@) = B[ [ 3 ()2 s

Since Jp,(75) — J(7*) (b — 0), we have O(a}) — ©(a*) (h — 0). The weak convergence, and
uniform convexity of the space L27(£2 x (0,7); H') then leads to the conclusion.

6. DISCRETIZATION OF PONTRYAGIN’S MAXIMUM PRINCIPLE

In this section, we detail steps to obtain an implementable algorithm to approximately solve
equations (2.5)), (2.7)—(2.8). Key tools next to the structure preserving discretization in time
(Algorithm nd the semi-implicit time discretization for the approximation of the
BSDE are the least-squares Monte Carlo method to approximate conditional expectations in

Algorithm [2:8] and the stochastic gradient method to generate a convergent sequence of control
processes. We are interested in moving a initial profile along a ferromagnetic wire:

Example 6.1. Fix T > 0, a > 0, and let 4, ¢, k, A1, A2 > 0. Find a tuple (m, ), which minimizes

T
J(r) = E[/O (Sltm = mllZe + (1 + A ulZe + Ao VullZ) " ) de + koo (m(T))] (6.1)

subject to (1.1)) with periodic boundary conditions, and the control constraint P-a.s. ||u(t)|| 2 < K
for a.e. t € [0,77.

6.1. Approximation of the adjoint equation. If compared to Section [2:3] we use ‘algebraic
versions’ of Algorithms and since the finite element space Vj may be identified with (R?)L.
Since nodal values of iterates of (2.9 are in S?, each M’ (w) € V}, can be represented by a vector

ey

M (w) € (S?)E. We denote by ‘Stiff* the stiffness matrix consisting of entries (V¢;, Vi )Lz, while

‘Mass‘ denotes the mass matrix with entries (¢;, ¢x)r2. The Pi-finite element projection of the
. . . —J

deterministic target profile at time t; is denoted by M .

The stochastic gradient method in Subsection[6.2|generates a sequence of approximating feedback
functions {Z/{g))” ;v € N} which then enter the adjoint equation in Algorithm in the next
iteration. Hence, suppose for the following that the approximation of the control Uj may be written
in ternis> of M7, ie. UJ =UI (Mjl; where U7 : (E)Q)L — (R*)L is a given deterministic function.
Then M7*! can be expressed by M7 = Fi+t1(MI A;B), where FIT!: (SH)L x R — (R*)L is a
deterministic function.

—>
Algorithm 6.2. Let P = —kDVU(M7). For every j = J —1,...,0 determine
Mass Q7 = B[ W48, 3J+1)|J-}]}, (6.2)
and
LS(M7, U9) . PI = E[%(?ﬂ“,Mﬂ“, a)|F, | - ok B3(07,a), (6.3)
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where
T4 (48, ?3+1) = # Mass ?”1,

. . . . — —j+1 ) — .
E}JP(?JH,]\?JH,CL) .= Mass BI*! — 26k Mass (M7 —MJ )+ 2akB1(33+1,M]+1)

+ gk Bo(Bit, a).

Moreover, the matrix LS is given by

LS(M7, T := Mass +ak Stff —ak Ay (M7) — k Ag(M7) + k Ag(M7) — k Ay(T).
The objects A1(:) to Ay(+) are matrices, whose (I, k)-th entry is
Ay (M) = (IVM[*ér, ¢r), Ag(M) := (M x Ve, Ver) s
A3(M) := (VM x Vo, 1), Ay(U) == (U x 1, d1) 25
and By (+) to Bs(-) are vectors, whose k-th entry consists of

Bi(P,M) := ((P, M)rsV M, V¢k) By(M,a) := ((M X @) X a,gbk.)
Bs(Q,a) := (Q X a,¢r) -

- =
Thanks to M7+ = FIt1(MJI A;B3), we may represent the solution of (6.2)-(6.3) by two mea-
surable, deterministic, but unknown functions gj :($?)L — (R®)L and éj C($HE = (R®)E, such

that
Pi=PI)  and Q)= 3V, (6.4)

M
M
L2

L2’

where

Bi(X) = E{%Bj—o—l(ﬁJ#l)

M= 7} (6.5)

B](Xz) = E{(LS(J\?J',Z{)J'(Y)»_l : (Mass Bjﬂ(]\_/}jﬂ) _ ok Mass(]\—/}jﬂ _ﬁjﬂ)
+ 2ak B1(Bj+1(ﬁj+1)’ﬁj+l) T gk BZ(ﬁjﬂU\—jHl),a)) ‘A_j] - X}} (6.6)

- Lk(LS(ﬁj,ﬁj(?)))il .B3(37(X), a).

Our aim is to approximate and simulate the deterministic functions aj (-) and ?]() of the
feedback representation given in (6.4). This is carried out using the partition estimation method,
which is a special case of the least squares Monte-Carlo method; cf. [2I]. This method approximates

33() and B]() by a%{() and 3313() using the finite dimensional space span{1.,(-); r = 1,..., R},
. ] — " i
where the regions {CJ}F | form a partition of (S?)Z, i.e. Uf;l Cl = MI[Q] = (S*)F. Let <
resp. ©F” denote a component of the argument in the conditional expectation in (6.5)) resp. .

The r-th coefficient ¢/ of aﬂ%() may then be computed using

1 M — j
ql = : : 1., (M3,)02 (6.7)
#{ M, eCl} ooy

where M >> R many independent samples (]\_4> 7.02) of (1\7 7,02") are used. The computation of
the coefficients in at a fixed time iteration point j € {7/ — 1,...,0} counsists of the following
steps:
(A) Simulate M many paths of the forward SPDE via Algorithm starting at to up to t;41.
(B) Evaluate in which region CJ each path at time ¢; has been fallen into.
(C) Compute for each region CJ the mean value of those 02 resp. ©F’, whose path at time
t; is contained in it.
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Simulating a nonlinear system of equations in Algorithm from ¢y up to tj41 in step (A) and
locating the region C7 which contains the specific realization at time ¢; in step (B) is time consuming;
in addition, all R coefficients {gJ}f | resp. {pi}ft, are computed at once, requiring the storage
of M realizations of (M7, ,02") resp. (MJ,,©F’). To weaken these limitations, we use a further
approximation: For each 1 < r < R, choose a representative element ﬁﬁepr’r € CJ, and then
proceed for each region C? as follows:

(A’) Simulate M/R many paths of the forward SPDE using Algorithm starting at ¢; to tj41

using the (local) start value M7 ..

(B’) Compute the mean value of 02’ resp. ©F’ for this region Ci.

Both steps (A”)—(B’) correspond only to one region C7. This allows to compute different regions in
parallel, and moreover, reduces_;che huge computa‘gional memory demands othe_rwise needed, since
only M/R many realizations (M7, ,0<") resp. (M7, ,©F") of the r-th region C? have to be stored.
This approach was suggested in [22], using a hypercube partition in combination with drawing the
(local) start values M{epm from a logistic distribution. In our context, a partition by hypercubes

is not suitable, since the discretization of a SPDE is a_}ﬁgh dimensional problem (3L dimensions).
Instead we proceed as in [14] adaptively to partition M7[Q)]:

(1) Simulate R additional realizations {ﬁ ;dd’r}le of the (S?)£-valued random variable M.
(2) Define the region C? by

€= {X € (9% X = Mg, lwoys < inf [X = Mgy luoye }

(3) Define the local basis function 7/(-) := L (-).

— .
This strategy decomposes (S?)¥ according to the distribution of M7: it creates more regions in areas
where M7 is more likely to take values, and may be quickly realized in actual simulations. We use

the center M idd,r of the region CJ as the (local) starting value M ;cpr,r in the local computation

instead of drawing the starting value by some distribution. This choice has the advantage that we

T
time for each region, instead of for each realization, and thus saves computation time.

have only to build the matrix LS(M?,, ., 7) and a corresponding LR-decomposition of it at one

6.2. The stochastic gradient method. The stochastic gradient method which was introduced
in [14, 5] is an iterative scheme which generates a sequence of approximate feedback control

functions Ul(zv)’j (-) on a sequence of partitions {Cﬁv)’j R | of Vy, which decrease monotonically

the cost functional v — J(M(”)“,Z/lg)"(M(“)")). The stochastic gradient method updates the

coefficients of the feedback function ¢/ ;{U)’j () (2.14]) according to an approximation of the maximum
principle (2.11]), where (local) approximations of the state, the adjoint, and the control considered

V)

in each region M are involved. By a similar calculation as in [I5], the (local) gradient step

87@71” for region r =1,..., R is given by

85}’71“ = —8(1 + Alﬁff’*lm Mass ﬁﬁ”*”’j + /\zﬁﬁvflm Stiff ﬁ&”il)’j)?
x (201 Mass U074 4 20, Stiff U009 ) 4 Ay (M7 ) P,

Scheme 6.3 (Stochastic gradient method for the stochastic control problem).

(1) Set T8 =11

it for each 7 =0,...,J, and for each basis region indexed by r=1,..., R
in the first gradient iteration step.
(2) Tterate v =1,2,... until a stopping criterion is met:
(i) Forward SPDE: For each j = 0,...,J —1 simulate the (S?)Z-valued random variable

{QEEE! by Algorithm using ﬁg_l)’j() and M®)3.
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(ii) Backward SPDE: Set ﬁg)"](? = —25(7 - _>J). For each j = J —1,...,0,
approximate a(v)’j and ?(“)’j from using the least squares Monte-
Carlo method as well as ﬁ - 1)’]( ), B(”)’JH( “)’JH and M®)3,

Obtain ?( , Tesp. a )J -) with coefficients {?( V) f 1, Tesp. {55”

(ili) Gradient step. Compute the coefﬁments {ﬁﬁ }E | according to

7O _ p, [ﬁ_(v—l>~ Lo 6@—1%}, (6.8)

using a suitable step size o(*).

(iv) Evaluate the cost function J(-) or the gradient 8( " to decide if a stopping criterion
is met.

The projection Pz in is understood as a projection in each time step j, each region r,
and each position in space ; to the ball By (z;). For the computation of the step size o(*) in
equation we use a modification of Armijo’s rule:

e Approximate the current cost function J~1) using the coefficients ﬁ(" D,

e Iterate s =0,1,2,... until a stopping criterion is met:
— Set U = py [TV 4o g GO0
— Approximate the cost functlon J@)s usmg the coefficients ﬁ( V)
~ Stop, if J0)* — JO) < oot BRRTV YR [GUT,

6.3. Computational studies. In Example (6.1)), we fix T = 0.5, o = 0.027 and Y(z) := ||z —
m(T)||72. The initial value mg is different on the two disjoint regions, which supports a plateau
(orange in Figure [1)) where mq attains the value (0,0,1)T, while the other supports a rotation on
the sphere using sine and cosine functions. This plateau is moved in space at a constant speed; see
Figure [2] where the deterministic target profile m is shown. In the cost functional , we use the
parameters § = 1.0, (A, A2) = (1075,1078) and x = 0.1.

ﬂlﬂ*i*ﬂ&;‘,/ﬁ \w

FIiGURE 1. Initial value mg: at each of the three red spins an independent three-
dimensional Wiener noise is applied, which is scaled by ¢. Positions x 4, resp. xp,
which are considered in Figure [4] resp. Figure [5] below.

e

FIGURE 2. Deterministic target profile m at final time 7' (dark): the orange
plateau region is moved at constant speed from the initial state mg (shaded) to
the illustrated state.
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gradient iteration v

(A) Cost functional (B) A single realization of M®) (top) and M* (bottom) at final time T

FIGURE 3. Iterates of the stochastic gradient method: the cost functional

J® () and its parts E[6k S0 M@0 — MO (1))2.] ). B[k, (1+
MIT@ |2, + X[ VU®9)12,)"] (), and E[x| M- — S@)(T)|2,] ).

We use Scheme (k = 0.005, h = 0.05, M = 250000, R € {500,1000}) and the partition
estimation method to simulate an optimal control of Example M = 1000 paths are simulated
to approximate the expectation value of the cost functional , which are independent of those
before. The initial value of the stochastic gradient method is the optimal control of the correspond-
ing deterministic optimal control problem, i.e., Example with + = 0. We stop the stochastic
gradient method when the difference of two successive values of the cost function is less than a given
tolerance tol = 10~%. In our simulations we use U = 10 which was not met in all realizations. The
simulations require huge storage capabilities and computation times and are carried out in parallel
on a cluster.

The decay of the cost functional in the procedure of the stochastic gradient method is illustrated
in Figure (A). In the case without any control, i.e., u = 0, the cost functional attains the value
J = 0.9385. By using the stochastic gradient method we are able to find a stochastic control which
yields the value J = 0.2323 for the cost functional in the case of R = 500 regions. This value can be
further reduced by increasing the amount of regions R. We use the deterministic optimal control as
starting value for the stochastic gradient method; its value is J = 0.4899, see Figure (A) at v =0.
This large value of the cost functional can be explained by Figure (B), where the illustration at
the top shows a single realization of the state M(® at final time 7', which was controlled by the
deterministic optimal control. Here, the deterministic optimal control is not sufficient to enforce
the shape of the target profile in the presence of noise; in contrast, the stochastic gradient method
yields a stochastic control which forces realizations for the magnetization to approximate the target
profile /m; see e.g. Figure [3[(B) (bottom).

The evolution of one path at the certain positions x4 = 0.3, resp. xp = 0.75, in the case of
¢ € {0.0,1.0,1.5} are shown in Figure {4} resp. Figure [5| The position x 4 is within the range where
the Wiener process acts directly; see Figure We observe in Figure [4] abrupt changes in the
direction of the optimal control at position x4 to compensate for noise effects; the magnitude of
the control varies slightly. A less pronounced dependence of controls on growing noise intensity ¢
is observed at the distant point zp due to exchange effects in the SPDE; see Figure [5]

7. APPENDIX

7.1. Proof of Theorem Let (Q, F.AFi}i>0, P) be a given filtered probability space satisfying
the usual hypotheses and § is a Fi-adapted real-valued Wiener process. Thanks to the assumption
on u, by Skorokhod’s theorem, there exist a probability space (2, F, P), and random variables
(@, 3) defined on (Q,F, P) with values in L29(0,T;W"2) x C([0,T];R), I € {0,1} and ¢ > 2 such
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3

_ . u(za,t)
(A) t=0.0: t —~ (e Ins
T T T
2 | .
1 |— -]
I I I
0 0.2 0.4

time

(D) ¢ =0.0: t = |u(za,t)|ps

T3

_ . u(za,t)
(B) t=0.5: t — (e aDls
T T T
2 | ]
1 | ]
I I I
0 0.2 0.4
time

(B) ¢ =0.5: t— |u(za,t)|ps

T3

_ u(za,t)
() t=15:t— (e Dlga
T T
2 | .
1 | .
I I I
0 0.2 0.4
time

(F) ¢t =1.5: t = |u(za,t)|gs

FIGURE 4. Time evolution of the direction of the optimal control at position x4
and its magnitude in the case of different intensities of the noise.

&3

_ . u(zp,t)
(A) t=0.0: t— (e Dga

4T T T =
3 | .
2 | .
1 | .
o | |

0 0.2 0.4

time

(D) t=0.0: t = |u(zs,t)|ps

&3

. _u(@p,t)
(B) t=0.5:t— [u(zp,t)|ps
AFT ‘ ]
A |
| |
N |
0L : -
0 0.2 0.4

time
(B) t=0.5: t = |u(zp, t)|ps

_ . u(zp,t)
(¢) t=15:t— (e Do
T T T
4 | ]
2 | ]
0=t | I -
0 0.2 0.4
time

(F) ¢ =1.5: t = |u(zp,t)|rs

FI1GURE 5. Time evolution of the direction of the optimal control at position zpg
and its magnitude in the case of different intensities of the noise.
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that £(@) = p on L%(0,T;1L?). Now define the filtration
Fe=o0{(u(s),B(s)) : 0 < s <t}

Then @ is a W2-valued F;-predictable stochastic process satisfying
T
P-as., ||u(t)||2 < K for a.e. t € [0,T] and E[/ l|la(t )le 2 ] < o0, (7.1)
0

and B is an Fi-adapted Wiener process. For each fixed n € N, define

T () = a, if |[u] <n
e 0, otherwise

For each n € N, let H,, be a finite-dimensional subspace of L2, and P, : L2 — H,, is an orthonormal
projection. Following [8], we consider the Faedo-Galerkin equation in H,:

dm(t) = [Pn (m(t) x Am(t)) + P, (m(t) x To(u(t))) — o Py (m(t) x (m(t) x Am(t)))

L2

+ 5 Pa(Pa(m(t) x a) x a)} dt+ 1P, (m(t) x a)B(t), t >0, (7.2)
m(0) = Pp(mo).

Note that P-a.s., |[u,(t)|lL= < C(n), and hence for each fixed n € N the drift function of the
Galerkin equation is locally Lipschitz from H,, into H,,. Consequently, there exists a unique
continuous, ft—adapted strong solution m,, on (Q, F, {JZ}}7 ]5) under u,, := T, (). It6’s formula for
the functions x — ||z||?,, x — ||Vz||Z. then yields the following bounds (see e.g. [8, Theorem 3.5]):

P-as., and for allt € [0,T], ||mn(t)|z < ||mo|Lz

E[O?EETHan(t)”ig} [(fo [mn(s) X Amp(s)||2. ds)q} <C, (7.3)

where C' > 0 is a constant, independent of n. We remark here that m,, does not preserve the sphere
condition, in contrast to i) of Lemma

Note that u,, — @ in L?(Q x Dr) and u,, satisfies (7.1). We may then adapt the arguments in [8|
Sections 4 and 5] along with to have the existence of a 7-tuple 7 := (Q,]}, {.7:}}, P, B,m, 12) €
Uad,w(mo, T) such that £(@) = p on L*(0,T;1L?), and @ satisfies (7.1)). Moreover, the bounds stated
in ii) of Theorem is satisfied by (m, @). In other words, 7 is a weak martinagle solution to the
problem . This completes the proof.

7.2. On pathwise uniqueness of weak martingale solutions for (2.1). We show pathwise
uniqueness of weak martingale solutions in some appropriate path space for d = 1 and a given
control @. Let (, F,{F}, P, 3,1, i) and (O, F, {F}, P, 8,1, 1) be two weak solutions for the
problem (2.1 such that paths of 7, : i = 1,2 lie in C([0,T];L?) N L8(0, T; H'). Note that for ¢ > 4
in Theor paths of weak solutions for the problem lie in C([0, T); L*)NL3(0, T; H'). Let
m = 11 — M. Since P-a.s., |m;(t,z)] =1 for all z € D and ¢ € [0,T], we see that m satisfies the
following equation: P-a.s.

=« t m(s)ds + « t m1323ms s tms u(s)ds tms m1(s)ds
m(t) = /OA (s) ds + /0|v ()2 <>d+/0 (s) x <>d+/0 (5) x Aiiu(s)d
+ a/ (|an1(s)|Rs — |Vm2(s)|Rs)(|Vﬁ11(s)\Rs + |Vm2(s)|Ra)ﬁz2(s) ds

/m2 ) x Am(s ds+—/ ) X a xaderL/m x adf(s).

Application of It6’s formula for ||m(t)||?. and the use of Gagliardo-Nirenberg, Cauchy-Schwarz and
Young inequalities, the boundedness property |m;(t,z)] = 1 for all z € D and ¢ € [0,T], and the
fact that (b x ¢,b) = 0 for any b, c € R3 then yield

@t <€ [ Imt(+ [ 1 ds+ [ )l ds).
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Now, for each n € N, we define the F;-stopping time:
= inf {7‘ €[0,7]: / (|71 (8) |5 ds Jr/ |772(s) |5 ds > n} AT.
0 0

Then, P-a.s., and for all ¢ € [0,T], we have

sup [|m(r A 7a)]z2
re(0,t]

t tATy
<C [ torg(s) sup ot At (14 [ (o)l ds+ [
0

rel0,s]

tATy

7702 (5)|lys dis)-
Taking expectation, and using Gronwall’s lemma, we arrive at E[Supre[o 1 [Im(r A Tn)||L2] 0.

Since P-a.s. , Tn, increases to 7', by monotone convergence theorem we get E [supre[o T] [l (r) ]
0. This implies that P-a.s., 71 = 19 on C([0, T];1.2) N L8(0, T; H').

7.3. Proof of Corollary We use Gyongy-Krylov’s characterization of convergence in prob-
ability introduced in [23] along with pathwise uniqueness of weak martingale solutions from Sub-
section to prove Corollary The following result is the Gyongy-Krylov characterization of
convergence in probability.

Lemma 7.1. Let (G, p) be a Polish space equipped with Borel o-algebra. A sequence of G-valued
random variables {X, : n € N} converges in probability to a G-valued random element if and only
if for every subsequence of joint laws {p, n, : k € N} of the pairs of sequences X, and X, , there
exists a further subsequence which converges weakly to a probability measure p such that

p((z,y) eGxG:z=y) =1

To apply Lemma we follow the setup as in [24]. Let G = C([0,T];L?) x L?(0,T;L?), and
tn,p be the joint law of (Mg, upn, My, up) on G X G, and v, , the joint law of (1my,, Uy, My, Uy, B).

A similar argument as in Subsection yields tightness of the family {l/n,p :n,p € N} on
G x G x C([0,T];R). Let us consider any subsequence {I/mmpk ke N} of the family {Vmp :
n,p € N } Then, by the Prokhorov theorem, it has a weakly convergent subsequence. Without
loss of generality we may assume that the original sequence {I/nk)pk :keN } itself converges
to a measure v. Thus, by the Skorokhod representation theorem, there exist a probability space
(Q,}:, 15) and a sequence of random variables {(mnk,ank,mpk,apk,ﬁk)}km converging almost
surely in G x G x C([0,T];R) to a random element (m, a, M, ﬁ,B) such that

P((mnk,ank,mm,apk,ﬁk) e ) —e) P((m,a,m,a,ﬁ) e ) = ().

Moreover, there exists a sequence of perfect functions ¢ : Q — Q such that @,, = un, o ¢ and
T, = Up, © Pr. Since uy,(t) = Ty, (u), we have u,, — u in L?(Q x Dr). As a consequence,
T

T
B[ [ Vs () = i O @] = B[ [ s () = (Ol de] — 0 (> )
which yields % = . Notice that i, p, converges weakly to a measure p where i is defined as

() = P( (1, @, @) € -).

As before, we can show that (1, @, 3) and (17, @, ) are martingale solutions defined on the filtered
probability space (Q, F,{F;}, P) where {ft}te o,7] is the filtration given by

Fo = o (in(s), i(s). in(s), is), B(s)) : 0 < s <t}

Now, in view of a priori estimates, regularity of solution, and pathwise uniqueness of martingale
solutions (cf. Subsection [7.2)), we have

p((z,y) EGxG:z=y)=P(m=r1inC(0,T;L?) = 1.

Thus, by using Lemma we conclude that the original sequence {m,} defined on the given
probability space (Q, F AFi >0, P) converges in probability on C([0, T]; L?) to a random variable,
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say m. Without loss of generality we may assume P- almost sure convergence. Hence one can repeat
the arguments as we have done for the sequence {7, } in Subsection and conclude that (m,u)
is a pathwise strong solution to the problem ([2.1)) on the given stochastic basis (Q, F AF:} P).

Since m € S?, we may reformulate the damping term m x (m x Am) as —Am —m|Vm|? and argue
similarly as in the proof of [9, Theorem 5.3] to conclude that Am € L?(Q x [0, T]; L?).

7.4. Finite element discretization and its stability. Let {7} }x>0 be a family of quasi-uniform
triangulations of D C R a bounded Lipschitz domain, cf. [7]. We denote by &, := {x;;1 € L} the
set of nodes of the triangulation 7;. Consider the finite element space V;, C H*,

Vi = {¢n € CD;R®) : ¢, € PLIGR?) VK €Ty},

where P;(K;R3) is the space of R3-valued functions on K which are polynomials of degree less or
equal to one in each component. Define the nodal igterpolation operator Zj : C(D;R?) — V), as a
bounded linear operator such that for every ¢ € C(D;R3),

Tno(x;) = ¢(x1) Vi€ L.

Let g’h be the counterpart of Vy for real-valued mappings. For each [ € L, let ¢; € @h be the
nodal basis function i.e., ¢;(z;) = 1, and ¢;(x,,) = 0 for all m € L\ {l}. Define the bilinear form
("‘)h : C(D;R?) x C(D;R3) — R by

(6:0), =D Gld@), v(x) V¢, € C(D;R?),

leL

where (; = fD @y dx. Note that the induced mapping
6lln =1/(8,9), V¢eCD;R?

is a norm on V. One can show that (see [4]) for all ¢p, 1, € V),
[énllLz < llgnlln < CllgnllL2 (7.4)
[(@100),, — (On 00| < Chllonliea 9w (7.5

We define the discrete Laplacian Ay, : V, — V}, by the variational identity
—(Andn,vn), = (Von, Vibn), YV On, Yn € V.

The following interpolation error estimates are well-known, see e.g. [7l, Chapter 4]: for all p > 1
and m € {0,1,2}

16 = Zngllwms < ChE™|9] 0, Vo € W2P, (7.6)

1
with the semi-norm |¢’Wmvz> = (Zw‘:m ||V'Y¢>||ﬁ,,) ", We frequently use inverse estimates [T}

Chapter 4]: for any 1 < r,p < oo, there exists a constant C' = C(p,r) > 0 independent of h such
that Vo, € Vy,

IVl < Chlfwmin{o,%*%}whlwl,p (1=0,1). (7.7)
In view of with [ = 0, one also has the following inverse estimate
[An¢nllLe < CRTYH|[Vonllz Von € V. (7.8)
We consider the L2-orthonormal projection P, : L2 — Vy, i.e., for all f € L2

(f=Pufidn), =0 Vo, € L? (7.9)

with the following well-known properties:

{f —Pufllie < Ch|fllm  Vf eH! (7.10)

If = Pufliez + RV = Pufllliz < CR2|Af|l2  Vf € H
Now consider the Ritz projection Ry, : H' — V), via
(% = Rnb, on)Lz + (V[ — Rav)], Vor)L: =0 Vp € V. (7.11)
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A similar argument as in [29] reveals that there exists a constant 0 < C' = C(p) < oo, independent
of h, such that

IRrllwis < Clldllwrs Vo€ W (2 < p< o). (7.12)

Moreover, a relevant property of the Ritz projection R, whose proof uses a duality argument
similar to [7, Theorem 5.4.4] is as follows: for sufficiently small & > 0, there holds

[|Id = Ru)¢||,. < Ch||VId - Rilo||,, Vo eH. (7.13)
Let us prove the following discrete Gagliardo-Nirenberg inequality.

Lemma 7.2. Let d = 1. For any 2 < p < o0, there exists a constant C = C(p) > 0, independent
of h such that

I6nller < Clignll? (llgnllis + 1Anenle) Von € Vi, (7.14)

Proof. To prove , we use an auxiliary problem: Fix ¢, € V. Let v € H! be the unique
solution of

P —AY =o¢p — Apopp, in D, 0, =0 ondD. (7.15)
Fix 2 < p < oo. We use the following decomposition, and the inverse estimate along with the
WhP_stability of the Ritz projection to have

IVénlle < IVIon — RatlllLe + [VRA[|Lr
< Ch™'% | Vign — Rav]lus + Cllllwns = T+ I1. (7.16)
We bound the term IT in (7.16]) with the help of Gagliardo-Nirenberg’s estimate (d = 1)

pt2  p2
IVYlle < Crll¥llgl ¥l + Calld e (7.17)
To estimate ||1||m (I = 1,2), we consider (7.15)) in weak form: for every ¢ € H!, let

(6 = 6n,0) 2+ (VI — 64, V9),.

< ‘( — Apdn, [Zn — Id]¢)1m + (Ah¢h’zh¢)h - (Ah¢h’Ih¢)L2
< IIT+ IV + C||Vén |2 || 6|l

by definition of the discrete Laplacian. Thanks to the interpolation estimate , and the in-
verse estimate we see that I1T < C|Vopl|lLz||@|lg:. Again, by the H!- stability of the
Lagrange interpolation operator Z; and (7.5, along with the inverse estimate we obtain
IV < C||VénllLzl|d||m: - Taking ¢ = in (7.18) and using Young’s inequality lead to the estimate

[l1Z: < C(lnl2e + llonllan) - (7.19)

Next, consider the strong form (7.15), multiply with —A4, and ¢ and then integrate. Due to the
Neumann boundary condition, by addition, we have

lli2e < C (I Angnl + lionl2: ). (7.20)
We combine (7.19), (7.20) in (7.17), and use Gagliardo-Nirenberg inequality to obtain

(7.18)

+ |(Von, VIZn ~ 1d]o), .

p—2

2
+p 3D

11 < Ol + Oyl IW61E < Cllénlir + lonll? (IAnonlz + llonlls
To bound I in , we decompose the error and use a standard error estimate for Ry,
IVIgn = Rud]llz < [[VIgn — Ylllz + IV = Rut]llLz < [[V[n — Pz + Chl| Al
Note that, setting ¢ = ¢ — ¢y, in we get [|¢ — ¢p |3 < Ch?||Apén|)?2, and thanks to ,

we obtain

IV[on — RutlllLz: < Ch([[Andnllre + [[6nllL2)-
From ([7.16)), we may now conclude that

p—2

2

IVenl, < ChF (I AndnlEa + IonlEs) + Clionlai (I1Anonllz + onllez) = + Clionli
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p—2

(128knllz + llénliz) ™ +Clignlf-

=V +Cllonlly

p+2
2
1

b2 p=2
We use the inverse estimate (7.8) to get V' < C’(||¢h||;f HAthhH]Ef + ||¢n|IF>). Finally, we obtain

IV6nllur < Clinll? (1Andnlie + gnllin) ™ -
Estimate (|7.14)) is also easily seen to hold for p = co. This completes the proof. [
The following SDE is a part of the optimal control problem (2.5);

dmh(t) = {Ih[mh(t) X Ahmh(t)] —I—Ih[mh(t) X u(t)] — th[mh(t) X (mh(t) X Ahmh(t))]
2

+ %Ih[(mh(t) x a) x a]} dt + Ip,[my, x a] dB(2), (7.21)

my(0) = Zp[m).
Lemma 7.3. Let D C R be a bounded interval, ¢ > 1, T > 0, and mg € WH%(D,S?). Let
(Q,]-", {F:}, P) be a given filtered probability space, and u a H'-valued {F;}-predictable stochastic
process on it such that E[fOT ||u(t)||I2HIq1 dt] < +oo, and B is a {F;}-adapted real-valued Wiener

process on (Q, F,{F,}, P). Then the SDE (7.21)) has a unique strong global solution my, = {my(t) :
t > 0}. Moreover, the following estimates hold:

i) P-a.s., and for allt € [0,T], |mp(t,x;)| =1 for all x; € &

ii) E[ sup ||th(s)|‘ﬂ2f; + (fOT | Zn[man(s) x Ahmh(s)]Hi2 ds)q} <C.
t€[0,T)

iii) For q > 3, E[IOT HAhmh(S)HHQﬁ ds] <C.

Proof. Since the drift of the SDE ([7.21)) is locally Lipschitz, by a continuation argument using the
Lyapunov structure of the problem (7.21)) we easily conclude the existence and uniqueness of a
global strong solution my, = {my(t) : t > 0}.

i). Fix 1 <1 < L. Apply Ito’s formula to the functional (mh, wlmh)h which involves the nodal
basis function ¢; € V), and use the identity (b x ¢,b) =0 V b,c € R3 to have

(mn(t), ermn(t)), = (Zn[mo], 1Zn[ma)), ¥t € [0,T].

Since mq(z;) € S?, we infer that P-a.s., |my(t,2;)| =1 for all z; € &, and for all ¢ € [0,7]. Since
my, is Vp-valued, we see that P-a.s., |mp(t, )|lLe <1 V¢€]0,T).

ii). Apply Ito’s formula to the functional z — ||[Vz||Z; to get
Va1 = [V Zalmo] 2 — 2 / { @almn(s) x Bwma(9)] + Talma(s) x uls)], Aumals)),, bds
+/0 <2th[mh(s) x (mp(s) x Apmp(s))] — PZn[(ma(s) x a) x a],Ahmh(s))hds

+ 42 /Ot | Zn[ma(s) x a]H]i2 ds — Q/Ot (Zn[mn(s) x al, Apmn(s)), dB(s).

Note that
(Znlma(s) x Awma(s)], Aumas)) =0,
A= (Ih[mh(s) x (mn(s) x Ahmh(s))LAhmh(s))h = —|[Zulma(s) x D)2 o
B = (Ih[mh(s) x u(s)], Ahmh(s))h = —(Ih[u(s)],zh[mh(g) x Ahmh(s)Dh

< 0| Zulmn(s) x Apmn(s)]|[2 + CO)||Znlu(s)]|;,  for 6 > 0.
Since a € W1°°_ by using the boundedness of my, in IL°°, and the H'-stability of Z;,, we have

(Ih[(mh(s) x a) % d, Ahmh(s))h — (VZu[(mn(s) x a) x a], Vi (s)),
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< C(IVmn(s)llLz + [ Vallz) [V (s)|.:
< C(IIVmn(9)lEz + [ VallZ2).-

Choosing 6 > 0 such that 2a > 6, and (7.4) along with the H'- stability of Z;,, we obtain

t
sup [V (5)2 + (20 —0) / [ Zalmn(s) x Anmn(s)][122 ds
rel0,t 0

< [Vmols +2 sup | | (FZulmas) x al, T (), 45|
rel0,t 0

+ c/o {I9mi(s)]12 + u(s) [ + 1} ds. (7.23)

Thus invoking BDG and Jensen inequalities, and the H'- stability of Z;, we obtain for any ¢ € [0, T

T t
B[ sup [|Vma(s)]74] gC’E[/ (1+ Ju(s) 32 ds] +c/ B[ sup [V (r)|24] ds
rel0,t] 0 0 rel0,s]

¥ CE[(/Ot (VZuma(s) x a], Viny(s)) 1 ds) %}

SCE[/OT (1+ ||u(s)|\§ﬂq1) ds} + C/OtE[ sup ||th(7“)Hig} ds.

re(0,s]

Finally, we use Gronwall’s inequality to conclude

E[ sup ||vmh(s)||;z} <c. (7.24)
te[0,T]

Furthermore, using in we obtain ii).
iii). We rewrite the term A in and use i) to have
A = —(Zu[Apma(s)lmn(s)P], Anma(s)), + (Znlma(s)(mn(s), Apmi(s))], Awmn(s)),,
= —[[Awmn ()5 = (V(Zn — 1d) [ma(s){mn(s), Apmn(s))], Vi (s)) .
— (VImn(s)(mn(s), Apmn(s))], Vi (s))
= —[[Apmn(s)[l; + Az + As.

We first consider Az. By using the product rule, i), and Holder inequality, we have

A < CAwmn(s) 1 [Fma ()| = (V{mn(s), Aumn(s), (mi(s), Vima(s) )

L2

= Ol () s [Fma () — 32 (Vmas), A (). 29 (mn(5)0 1))
KeTy,

= O A ()2 [ Fmn(s) 24 + Ags.

L2(K)

We want to estimate Ag ;. Note that the function |my,(s)|? — 1 is continuous and zero at the nodal

points x;, I € L. Thus, for every K € T}, there exists a point {x € K such that
V([mn(s)lgs = 1)(€x) = 2{mn(s), Vmn(s))(Ex) = 0.

Thus, since my, € Vp,, and th|K is constant, we have for any = € K

<mh(s,x),th(s,x)> = {<mh(s,x),th(s,x)> — <mh(s,x),th(s,§K)>}

+ {<mh(5ax)vvmh(57§K)> - <mh(5a§K)7th(57§K)>}
< V(s ) = Vmn (s, Ex)| + [mn(s, @) — mn(s, Ex)|[Vmn (s, Ex)|
< BVm (s, )l [Vma(s, k)| < h[Vma (s, z) [, (7.25)
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for some point (x € K. Therefore, by using (7.25), and the product rule along with the inverse
estimate ((7.7)), we obtain

A3’1 < C( Z ||th(s)||fi4(K))§( Z hQHVAhmh(S)H]%?(K))

N

KeTy, KeTh
vo( X RITm ) (3 Ismals) )
KeTh KeTh
< CIVmn () ( D2 P IVARm($)Ea )
KeTh
, o4 3
+o( 3 R (I eao ) ) (D NAwmals) P )
KeTy KeTy
< Cllanmn(s) iz (I Vma()lEs + IVmas)|lEz ) (7.26)

Next we consider A,. The interpolation error estimate . the inverse estimate ., discrete
Gagliardo-Nirenberg inequality (7.14 - the boundedness of my, in IL°°; and Cauchy-Schwarz inequal-

ity along with the product rule (keeping in mind that V2¢h{ =0 Von € V1) yields

Az < OV ()lz (D2 I920mn(s) (mn(s), Anmn ()1 ) )
KeTh

N

< ClITma(s)liz (2 19 () ey | ()
KeTh

V() e 1) 19 A5 [ ) )
< CVmn(s)|22 [ Anmn(s)llLe + ClIVmn(s) Lz [Vma(s)llLs | Anma(s)l|L:
< OllAnma(s)[Zz + CO)[Vmn ()| [Vmn(s)l|E~ + ClIVma(s)|Z2l| Apmn(s) s
< O Anma(s)lIE2 + CO)IVmn ()12 ]lmn () e (Hmh(S)HHl + HAhmh(S)||L2)
+ CI V() 22l Anmn (s) Iz,
for 6 > 0. Again, for 6y > 0, by we may write the term B in as
B < fo[|Anma(s)|[E> + C(00) u(s) -

It6’s formula to the functional z — ||[Vz||?, along with the above estimates then yields

(2ot 0)E[ [ 18uma(o)12: 5]
< Cllmols +Cr +O8[ [ 19mate) 22 as] + Co] [ (o) oo

T

+cwe| [ (o)l ds] + CE] 18w o) (190 5) s+ 952 ]

+ews| | w9l (9 o 5]

<Cr+cm / Va2 ds] + Clé0)E]| / " Ju(s) B ds] + €16, 02)E] / Ima ()]s ds]

+ (01 +62) B / RIS ds| +C(61)E| / ' (I9ma ()it + I9mn(s)[E:) ds]. (7.27)

Thanks to the discrete Gagliardo-Nirenberg inequality (7.14]) and Young’s inequality, we see that

B[ [ Tl ds] < 60| / 1A (s) [ ds] + CGa)E] / " (o) ]
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+ CE[/OT (I () + Ima()2:) ds|, — (7.28)

for 63 > 0. Using (7.28) in (7.27)) and choosing 6, 8,01, 6> and 63 such that 2c — 6 — E?:o 0; >0
along with the H!- stability of interpolation operator Zy,, and ii), we conclude the estimate iii). [J
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