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ABSTRACT. In this paper, a higher order time-discretization scheme is proposed, where the
iterates approximate the solution of the stochastic semilinear wave equation driven by mul-
tiplicative noise with general drift and diffusion. We employ variational method for its error
analysis and prove an improved convergence order of % for the approximates of the solution.
The core of the analysis is Holder continuity in time and moment bounds for the solutions
of the continuous and the discrete problem. Computational experiments are also presented.
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1. INTRODUCTION

Let O C R?, for 1 < d < 3 be a bounded domain. We consider the numerical approximation
of the following stochastic semilinear wave equation perturbed by multiplicative noise of 1to

type:
O?u+ Au = F(u, ) + o(u, Ou) W in (0,T) x O,

(11) U(O, ) = uo, atU(O, ) = Yo in 07
u(t,) =0 on 00, Vte (0,T),
where A is a strongly elliptic second order differential operator of the form
d
0 0
1.2 A = _ N ayi(z)— ’
(12 =3 5 (5@, 9@)  veeo

with suitably smooth coefficients a;;(x), where a' = a7* ¥i, j, and for every non-zero ¢ € R¢,
ZZ]. aij(x)&€; > v|€|?, for some constant v > 0. Here, F and o are Lipschitz in both
arguments. Let P := (Q, F,F,P) be a filtered probability space, and {W(¢)}:>0 be a finite
dimensional Wiener process defined on it; the initial data ug and vy are given Fy—measurable
random variables.
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A strong variational solution to (1.1) exists, see e.g. [3, Sec. 6.8], and is usually constructed
via the reformulation of (1.1); as a first order system by setting v = O,u,

du =wvdt
(1.3) { dv = (—Au+ F(u,v)) dt + o(u,v) dW (t),

and then using a Faedo-Galerkin method, related uniform energy bounds, and a compactness
argument; see Definition 3.1, and Appendix A below. A prototype example is A = —A, for
which we associate the following energy functional

(1.4) E(u,v) := Ein(v) + Eera(u) = ;/O lv(z) |2 dz + ;/@ \Vu(z)|?dz,

where the first term represents the kinetic energy, and the second the elastic energy of the
propagating wave with pointwise elongation u : [0,7] x O x Q@ — R. — We begin the further
discussion with an example to motivate the effect of noise.

Example 1. Let O = (0,1), T =1, A= —-A, F=01in (1.1), and W be of the form (2.2),
with M = 3, and e;(x) = /2sin(jrx). — The first line in Fig. 1.1 displays single trajectories
of u for different o = o(u,v). For 0 =0 both, the amplitude and wavelength remain constant
over time in snapshot (A), as does €(u,v) in (D). For o(u,v) = fu, the amplitude of a single
wave realization in snapshot (B) changes — as do the trajectory-wise energy parts in (E) —,
while the wavelength remains constant over time. The computation of the (approximate) total
energy uses MC = 103 Monte-Carlo simulations in snapshot (G): it is conserved, and close to
(D).

For o(u,v) = %v both, the wavelength and frequency of a single trajectory are heavily
affected, see snapshot (C), and (F), where only t — Ee1a(u(t,w)) is smooth. In contrast, the
dynamics of Exc[€(u,v)] in (H) recovers the exchange of elastic and kinetic energy parts, but
the total energy is not conserved any more. The proper resolution of snapshot (H) required 5

times more Monte-Carlo simulations than for (G).

The first works to numerically solve (1.1) are [13] and [12], where (semi-)discrete schemes
were constructed based on the solution concept of a mild solution for (1.1): in [13], which
considered O = R, A = —A, Lipschitz nonlinearities F' = F(u) and ¢ = o(u), and white
noise, a strong convergence rate O(kl/ 2) was shown for an explicit finite difference scheme,
where the temporal step size k is equal to the mesh size h of the Cartesian spatial mesh; the
error analysis uses the Green’s function, which is explicitly known in this case, and hence
used the mild solution concept for this Cauchy problem.

A further development in this direction is [4], where O = (0,1), A = —A in (1.1), and the
authors used the explicit representation of (discrete) Green’s function, such that its implemen-
tation crucially hinges on the availability of eigenvalues and eigenfunctions of the Laplacian;
see also [3, Sec. 5.3], and [10]. The stable scheme then allows independent choices of k and
h, and the proof of [4, Thm. 4.1] provides convergence rates both, in terms of spatial and
temporal discretization. We also mention [5], where O is a bounded convex domain with
polygonal boundary, and A = —A in (1.1); the space-time discretization was proposed with
the explicit knowledge of the related (discrete) semigroup, whose efficient implementation
again hinges on the knowledge of the related eigenvalues and eigenfunctions. Later, in [1] the
authors addressed the multiplicative noise case with ¢ = o(u), where o and also the nonlin-
earity ' = F'(u) were assumed to be zero on the boundary. The above mentioned works did
not address the case when F' = F(u,v) and 0 = o(u,v).
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(G) o(u,v) = 3u, (1) o(u,v) = v,
with MC = 103 with MC = 5 x 10°

FiGUure 1.1. (Example 1) (1st line) Single trajectory of u from (1.1), simu-
lated via (@, f)—scheme (@ = 1). (2nd line) Corresponding elastic (Ee1a), ki-
netic (Exin), total energy (£), for mesh sizes h =277 and k = 2719, (3rd line)
Plots t — Eyc[€(u(t),v(t))], with MC = 103 in snapshot (G) and MC = 5 x 103
in (H).

In engineering applications for elastic and acoustic wave propagations which may be de-
scribed by (1.1), the considered domains @ C R? are typically complicated, and/or the
propagating medium is heterogeneous, with layers, anisotropies, cavities (e.g. in seismology,
or material testing), or may even be random. Moreover, models of type (1.1) often require
non-constant and non-self-adjoint operators, such as those in (1.2), which may even have
random coefficients. Therefore, such engineering problems often exclude the efficient use of
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semigroup based methods through spectral theory as discussed above. This motivates us to
aim for the following goals in this work:

1)

Use an implicit method in time (below referred to as (a, 8)—method, where a = 0;
see Scheme 2) to approximate (1.1) with F' = F(u,0u) and o = o(u,du), and
employ variational methods for its error analysis. This part is motivated by [7] for the
deterministic linear wave equation, i.e., F' = o0 = 0. For finite dimensional noise of
type (2.2), we use energy arguments to obtain O(k) for the temporal error — which
coincides with the order obtained in [1, Thm. 4] and [4, Thm. 4.1] for an exponential
integrator, in the case o0 = o(u), F' = F(u) and trace-class noise in (1.1). We obtain

(’)(k‘%) for the temporal error in the general case 0 = o(u,v) and F = F(u,v), which
has not been addressed in the existing literature.

For 0 = 0(u) and F = F(u), in fact, we improve the (&, 8)—method to a higher-order
method which yields improved convergence order O(k‘s/ 2) for approximates of u in
L2; see Theorem 5.1. The additional term that arises for @ = 1 is motivated by Ito’s
formula, and uses increments

tn+1

o tn+1
A= [ (s — ) dW(s) = / AW (s) — tn A,V .
t7L

in

Computational experiments in Section 6 show that these results are sharp w.r.t. the
used noise, i.e., there are examples for 0 = o(u,v) where the error converges only in
order O(k) — rather than O(k%/?) in the case 0 = o(u).

In this work, we focus on proper time discretizations for (1.1), which we consider to be the
essential part of an overall discretization, and leave a related finite element error analysis for
future work. The results will be derived for (1.1) with A = —A to simplify the technical
setup, but easily generalize to A in (1.2), even with random coefficients there. Moreover, the
(@, B)—method is neither a spectral Galerkin method nor does its implementation hinge on
related semigroups.

While being inspired by the second order time-stepping scheme of [7] for the deterministic

wave equation, where une = 3(u" +u"=1), we propose the following scheme for (1.1):

Scheme 1. ((@,3)—scheme) Fiz & € {0,1} and 8 € [0,1/2). Let {t,}\_, be a mesh of size
k > 0 covering [0,T], and {(u™, v")n=o1} be given Fi,-measurable, [H}]*-valued r.v’s. For
every n > 1, find [H})|?-valued, Fy,  ,-measurable r.v’s (u" ™', 0™ ) such that P-a.s.

(1.6)

(1.7)

where

(1.8)

(™ —u"¢) = k(" 9) VoeL?,
(vn+1 _ ’Un, w) _ _k(vﬁn,%, vw) 4 (O'(Un, Unfé) AnW7 ¢)

)
ol
11l
)



HIGHER ORDER DISCRETIZATION OF THE STOCHASTIC SEMILINEAR WAVE EQUATION 5
and
11 _
AW =W (tpt1) — W(tn) and 0" 2 := 5(1}" + "1,

Note that 72 = u™3 for B = 0. Also, in the case when F = F(u), 0 = o(u) and 8 = 0,
the (a, 8)—scheme simplifies to

(1.9) (u" —u", ¢) = k(v ¢) Vo eL?,
(1.10) (" — o™ ) = —k(Vu™2, V) + (a(u”)AnVV, ¢) ra (Dua(u")v”m,w>

k
+5 (3F(u") - F(u”*l),zp) Vo € HY .

Scheme 1 involves the increment A, W from (1.5). For their implementation, we approxi-
mate it by A, W defined as

k_l
(1.11) AW = kW (tni1) — k2> Wtay)
(=1

-1
where {W(tmﬁ }?:1 is the piecewise affine approximation of W on [t,, t,+1] on an equidistant
mesh {tn’g}lg;i, of size k% := t,, 41 — tne. To motivate this approximation, we first use Itd’s

formula to restate A, W as
tn+1

AW = (thW(th) - th(tn)) - W (s)ds — tnAnW
(1.12) - tn -
= /t (W (tns1) — W(s)] ds = kW (tn11) — t W(s)ds

and we approximate the last integral in the right-hand side of (1.12) by k2 Zﬁ;i W(tne)-
Thus, we have the following implementable scheme:

Scheme 2. ((@, 3)—scheme) Consider Scheme 1. We refer to (1.6)—(1.7) as (@, 5)—scheme,

when a and A, W are replaced by & and m, respectively.

The following example motivates that the convergence rate for the (1,0)—scheme is boosted
from O(k) to O(k%/?), in case 0 = o(u) and F = F(u).
Example 2. Let O = (0,1), T=1, A=-A, F =0, o(u) = 2sin(u) in (1.3). Let
up(x) = sin(27x) and vo(x) = sin(37z),
and W as in Example 1. Fig. 1.2 displays convergence studies for the scheme (1.9)—(1.10): for
a = 0, the plots (A) — (C) show L2-errors in u, Vu, evidencing convergence order O(k), and

those for v evidence convergence order O(k:l/z). For a = 1, the convergence order improves
to O(k3/?) for u, Vu, and O(k) for v; see plots (D) — (F). See Section 6 for more details.

The rest of the paper is organized as follows. In Section 2, we precise the data requirements
in (1.3) with A = —A and provide the structure assumptions on F' and o. In Section 3,
we recall the concept of a strong variational solution for the problem (1.3) and discuss its
regularity. In Section 4, we prove stability results for the (@, 3)—scheme. In Section 5, we
prove strong rates of convergence for the above mentioned schemes. In Section 6, we present



6 XIAOBING FENG, AKASH A. PANDA, AND ANDREAS PROHL
-
o o
- e - = o -
- - . Qe
T - o - -7 - -
= - - -
- T L - - - -
5 T e 5 - 5 _
£ 0 g — Prs = 10 2o ~
w - e - fim) - - i}
o -
7 . —~L2errorforu - —— L2 errorfor Vu - —~L2 error for v
order 1/2 order 1/2 order 1/2
——order 1 ——-order 1 ——order 1
— — order 3/2 — — order 3/2 — — order 3/2
Time step Time step Time step
(a) LZ-error for u (B) IL2-error for (¢) L%-error for v
(& =0 case) Vu (@ = 0 case) (@ =0 case)
—
- - - =
/"‘ - ) e B
_ - /j/,/" -7 o - - -
_ - % _ e - _ = -
S P S = S -7
S - 7 S = ~ S
5/'}{/ B B
7 —~L2error foru B —=L2errorfor Vu B L2 error for v
order 1/2 order 1/2 order 1/2
——order 1 ——order 1 ——order 1
— — order 3/2 — — order 32 — — order 3/2
Time step Time step Time step
(D) L%-error for u (g) L*-error for (r) L2-error for v
(@ =1 case) Vu (@ =1 case) (@ =1 case)

FIGURE 1.2. (Example 2) Temporal rates of convergence for the scheme
(1.9)—(1.10) with F' = 0 and o(u) = 2sin(u); @ = 0 in (A), (B), (C), and
a = 1in (D), (E), (F); discretization parameters: h =277 k = {273 ... 276}
MC = 3000.

comparative computational studies which evidence the role of noise in various cases and
validates the proved error estimate results.

2. PRELIMINARIES AND ASSUMPTIONS

2.1. Notation and useful results. Let (LP(O), || - ||z») and (W™P(O),| - |lwm») be the
Lebesgue and Sobolev spaces respectively, endowed with usual norms for m € Nand 1 < p <
00. We denote P := LP(O) and WP := WP (QO). For p = 2, let (-, -) be the inner-product
in L2, and H™ := W™2, We define H} := {u € H' : u|yp = 0}.

Let X,Y be two separable Hilbert spaces. Let £(X,Y) denote the space of all linear maps
from X to Y, and £,,(X,Y) denotes the space of all multi-linear maps from X x --- x X
(m-times) to Y for m > 2. Throughout this paper, for some ® : H} x H} — L2, we use the
notation D, ®(u,v) € L(H},L?) for the Gateaux derivative w.r.t u, whose action is seen as

hi— D, ®(u,v)(h), for hcHj.

We denote the second derivative w.r.t. u by D2®(u,v) € Lo(H},L?), whose action can be
seen as

(h,k) = D2®(u,v)(h, k) := (D>®(u,v)h)(k) for (h,k) € [H?.
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Similarly, we define D, ®(u,v), D2®(u,v).

2.1.1. A quadrature formula. The following quadrature formula will be crucially used in our
error analysis (see [6, Thm. 2]).

Lemma 2.1. Let f € CLV([O T]' ) for some vy € (0,1]. Then there holds
(v +2)(y +3)
where C > 0 satisfies

(2.1) 1F(#) = F(s)| <Clt—s["  Vs,te0,T].

2.2. Assumptions. In this section, we list all the assumptions and hypotheses that are
imposed throughout this paper.

2.2.1. Domain and initial data. We make the following assumptions.

(A1) Let O C R?, for 1 < d < 3, be a bounded domain

(1) with 0O of class C!, and (ug,vo) € Hj x L2,

(73) with 0O of class 02 and (ug,vo) € (Hi NH2) x H},

(4ii) with OO of class C3, and (ug,vo) € (H{ NH3) x (H NH?).
(1v) with 0O of class C4 and (ug,vp) € (H NH*) x (H{ NH3).

2.2.2. Probability set-up. For simplicity, let W be a finite-dimensional Wiener process.

(A2) Let B := (Q, F {Fi}>o0, IP’) be a stochastic basis with a complete filtration {F; }+>0 C F.
For some M € N, let W be a K-valued Wiener process on P of the form

(2.2) W(t,z,w) := Zﬁjtwe]

where K C H(l) N H? is a Hilbert space, and {Bj tw);t > 0} are mutually independent
Brownian motions relative to {F;}+>0, and {e; }J]Vil be an orthonormal basis of K.

2.2.3. The nonlinearity of the model. Let F : [H}]> — L? and o : [H}]* — HJ.

(A3) Assume F(u,v) = Fi(u)+ F»(v) and o(u,v) = o1(u) +o2(v), such that Fy(v) and oa(v)
are affine in v. For any u,u € H(l], there is a constant C, > 0 such that the Lipschitz condition
holds:

11 (u) = Fi(@)lz2 + [lon(uw) — o1(@)[l2 < Cuflu — a2 -
(A4) There exists a constant Cy > 0 such that
1D FL ()l oo g m e2,12)) + 1 D0 01 ()l oo it 2y i)y < Cg (m=1,2,3).
By the assumption (A4), we deduce that F(u,v) € H!. Since F(u,v) is not assumed to be
zero on the boundary, we introduce the following notation.
(A5) Let F(u,v) := F(u,v) — F(0,0) = Fi(u) + Fy(v) — F(0,0), and assume F(0,0) €
L?(0,T;H™) for m = 1,2,3.
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3. DEFINITION AND PROPERTIES OF SOLUTION

We recall the concept of a strong variational solution for (1.3) with A = —A and establish
stability results in higher spatial norms, and bounds in temporal Hoélder norms.

Definition 3.1. Assume (A1l);, (A2) and (A3). We call the tuple (u,v) a strong variational
solution of (1.3) with A = —A on the interval [0,T] if

(i) (u,v) is an Hj x L2-valued, {F;}-adapted process;
(i) (u,v) € LQ(Q;C([O,T];H%,)) x L2 (Q;C’([O,T];]LQ)); and

(3.1)  (u(t).6) = /0 (v,0)ds + (w0, @) Vo € L2,

(32) (v(t),w):—/o [(Vu,ww(F(u,v),w)}dH/o (1, 0 (u, 0) AW () + (v0,9)  Vap € H},

holds for each t € [0,T] P-a.s..
(#i7) There exists a constant C > 0, depending on T,CyL and initial data such that there
holds P-a.s.

E[Oi%s(u(t),v(t))} <C.

The existence of a unique strong variational solution was shown in [3, Sec. 6.8, Thm. 8.4].

Lemma 3.2. Let (u,v) be the strong (variational) solution to the problem (3.1)—(3.2). For
p € N, there holds P-a.s.

(1) under the hypotheses (A1l);, (A2), and (A3), the {F:}i>0—adapted process
(u,v) € L2p(Q;L°°(O,T;H1 X ]LQ)), and there exists K1 = K1(p) > 0, such that

(33) B[ sup (Il +I0@IE)] < K

(73) under the hypotheses (A1), (A2), (A3), and (A4), (A5) form =1, the {F; }+>0—adapted
process (u,v) € L*(Q; L>=(0,T;H? x H')), and there exists K3 = Ka(p) > 0, such
that

(3.4) Bl s (i + lvOI)] < Ko

(7i7) under the hypotheses (A1l)ui, (A2), (A3), and (A4), (A5) for m = 1,2, the
{Fi}e>0— adapted process (u,v) € L (Q; L>®(0,T; H* x H?)), and there exists K3 =
Ks3(p) > 0, such that

(3.5) B[ sup (Jlu(t)lh +Iv()3)] < Ks:

(iv) under the hypotheses (Al);,, (A2), (A3), and (A4), (A5) for m = 1,2,3, the
{Fi}+>0— adapted process (u,v) € LQID(Q;LOO(O,T;H-]I4 X H3)), and there exists Ky =
Ka(p) > 0, such that
3.6 E| su uw(@®)||Z + @12 | < Ky
(3.6) 2 (@I + @) ] < Ko

Proof. The proof is given in Appendix A. O
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3.1. Holder continuity in time. In this subsection, we derive temporal Holder continuity
estimates for the solution pair (u,v) of the problem (3.1)—(3.2) with respect to different norms,
which will be useful in the error analysis in later section.

Lemma 3.3. Let (u,v) be the strong (variational) solution to the problem (3.1)—(3.2). Then,
for any s,t € [0,T], we have forp > 1
(1) under the hypotheses (A1l);, (A2), and (A3), there holds P-a.s.

(E[ sup ||u(r) — u(s)||i€})l/2p < C(Ky) |t —s];

s<r<t

(i) under the hypotheses (A1), (A2), (A3), and (A4), (A5) for m = 1, there holds

P-a.s.
) 1/2p
(E[ sup [|u(r) - u(sm}) +E[ sup u(r) - o(s) 2] < C(Ka) |t - 51
s<r<t s<r<t
(#i7) under the hypotheses (A1), (A2), (A3), and (A4), (A5) form = 1,2, there holds
P-a.s.
) 1/2p
(E[ sup [|u(r) - u(s)HH%D +E[ sup u(r) - o(s) 3] < C(Ks) [t = s,
s<r<t s<r<t

(tv) under the hypotheses (Al);,, (A2), (A3), and (A4), (A5) for m = 1,2,3, there
holds P-a.s.

1/2p

(E[ sup [Ju(r) — u<s>|r§{%}) FE[ sup [o(r) — v(o)]2:] < QU e - 5.
s<r<t s<r<t

where the positive constants C(K;) fori = 1,---,4, depend on the constants K;, defined in

Lemma 3.2.

Proof. The proof is given in Appendix B. O

4. DISCRETE STABILITY ANALYSIS FOR THE (@, 3)—SCHEME

If compared to the term —Au"’%, the term —A™7 in the (@, B)—scheme fortifies stability
properties of the method: in fact, the identity

B
(41) ﬂ"’% _ un,% —i—ﬁ%(u”“ - unfl) _ un,% +/8k1+ﬁvn+%

creates an additional ‘numerical dissipation’ term scaled by fk**# in (1.3), which suffices to
control general noises o = o(u,v), in case 0 < 3 < 3 (see Lemma 4.1 below); for o = o(u)
only, the scheme (1.9)—(1.10) yields a stable scheme.

In this section, we discuss the discrete stability analysis for the (a, )—scheme and we
make a remark on the stability results of the scheme (1.9)-(1.10) as this is a sub-case of the

(@, B)—scheme. We recall (1.4), where the energy functional is stated.

(B1) For the stability results, we need the following assumptions on the iterates (u!,v!):

(i) Along with (A1);, assume (u',v') € L (Q; [H{]?) for p > 1.
(i4) Along with (A1), assume (u',v') € L¥ (Q; [H} NH??) for p > 1.
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Lemma 4.1. Let & € {0,1}. Assume (Al):, (A2), (A3), (A4) for m =1, and (B1),.
Then, there exists an [Hl]Q—Ualued {(ftn)0<n<N} adapted solution {(u™,v"); 0 <n < N} of
the (@, B)—scheme. Moreover, for 0 < < 2, and k < ko(Cr,Cy) sufficiently small, there
exists a constant C1 > 0 that does not depend on k > 0 such that

N-1
(4.2) max E[E@ o] 4+ 60 S E[|[vertE || < ¢y
- n=1
In addition, there exists a further constant Ca ), > 0 such that we have
(4.3) max E[E¥ (o] <Gy (p2 1)

Additionally, assume o2(v) =0 = Fy(v) in (A3) and = 0. For k < ko(Cr,Cy) sufficiently
small, there exists a constant C3 > 0 independent of k > 0 such that

(4.4) lg}iXNE[Hu"HLQ} + E[kzuvu |M < Cs.

There exists further constant Cyp, > 0 such that we have

(45) max B[] < Cop (2 1).

The following remark discusses specific problems to derive this stability result.

Remark 1. 1. The derivation of (discrete) stability estimates for a (temporal) discretization

for the stochastic wave equation (1.3) — like Scheme 1 — differs from corresponding tasks

for parabolic SPDEs, which is due to the conservation of energy in the deterministic case. In

this case (where o = 0), the test function v"T1/2 is ‘natural’ to deduce (4.2); it is used in [7]
as well, and exploits the (third) binomial formula, such that the first term in (1.7) becomes

1

n+l  n —

(v v ,2[

see also (4.7) below. Conceptional difficulties now appear in the stochastic case where o # 0

— see e.g. the term J7 in (4.7). A well-known strategy in a setting of parabolic SPDEs would

be to employ E[AnW] =0 to conclude

1
o) = (s = o)

(4.6) = E[(U(u",vn_%)AnW,%[v”H—v"])]

IN

CSElo(u",v"3) AW 2] + SB[l —v"|Z] (0> 0),

and to then absorb the last term by a corresponding one on the left-hand side — which would
arise if V"1 instead would have been chosen as test function. We avoid the estimation in
(4.6) by using the equation (1.7) to replace v —v™ in J7; see (4.10) below.

2. The last term in (4.1) is the reason to evaluate o resp. Dyo at (u”,v”fé) in (1.7) —
instead of e.g. at (u"™,v"™); see also the left-hand side of (4.9), and the estimation of the terms
37117’21, 3711”12, and 3?7’22 i the proof of Lemma 4.1.

3. The inequality (4.3) assembles higher moment estimates, which will be used in Section 5
to derive improved rates of convergence; see Theorem 5.1.
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4. The following two inequalities will be used frequently in the proof of discrete stability; see
parts 1a) and 1b) below. The identity (1.12) leads to

E[A W] < k/tnﬂ E[IW (tns1) = W(s)2] ds < Ok?,
tn

and by the identity (1.11), for ¢ = 1,2 we infer

k_l
E [Eﬁ\?q] < CKME[|W (ty51)2] + CEH N E[[W(t,0)[%] < CKY + CkY < Ck.
/=1

—_—~—

The estimation of the distance between A, W and m s useful in the convergence analysis
in the next section, which is derived in (5.9).

5. If o2(v) =0 = F>(v) in (A3) and 5 =0 hold, we consider the scheme (1.9)~(1.10), where
to verify discrete stability is easier; in fact, the identity (4.7) simplifies considerably since
both, F' and o do not depend on v any more; see e.g. the estimate for 371111 in (4.12). For
the higher moment estimates, we multiply the corresponding (4.19) of the scheme (1.9)—(1.10)
with (w1 v YY) only, which is different from the general case; see step 2) below.

6. In the proof of (4.4), under the hypotheses oo(v) = 0 = Fy(v) in (A3), 8 =0 and (A4)
for m = 1, we combine both equations of the scheme (1.9)—(1.10) to write a single equation
for u® and sum over the first n steps; see (4.23). If we would apply the same approach for

the geneml o = o(ul,v!=1/?)

of-1/2

, we could use the first equation of the (@, 3)—scheme to replace
by (u —ut 2). Thus, to estimate (4.27) in general case, we use the growth condition
to write

kQZE[Ho L(1/2k) (uf — u' mM<CLkQZE[1+|rW\|Lz+4k2(\|u%2+uu@ ?|122)]

which, by to the last term, is not in suitable form to apply the discrete Gronwall lemma. Thus,
the approach to prove (4.4) is not useful for the general o = o(u,v).

Proof of Lemma /4.1. The P-a.s. solvability easily follows from Lax-Milgram lemma, and (A3).
Using the L2-regularity theory for elliptic equations on regular domains (see [9, Sec. 15.5]),
the system in Scheme 1 holds strongly Leb ® P—a.s. The proof of Lemma 4.1 is split into the
following three steps 1) — 3).

1) Proof of (4.2). We use the test function 2kv™+1/2 = y"+1 — 4»~1 in (1.7), and identity
(4.1) to get
1
2
= E[(o(u”,v”*%) AW, v"+%) + (Dua(u",v”*%)v" m,v’”%)

) I )

Next, we use (1.6) in strong form, sum it for two subsequent steps, and multiply this equation

B[llo™+ 2, — [[o"|2:] + KE[ (Va2 Vot 3)] + 8RRV 5|2,

(4.7)

. 1 .
with —Au™2; we then arrive at

1
(4.8) 1 [||vu”+1||§2 - ||vu”—1||;2] - k(vuné,vw%) :
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Since the right-hand side of (4.8) is equal to the second term on the left-hand side of (4.7)
we conclude that

1 1 _
SE[Ilo" 12 — o722 ] + 7B IV |22 — IV |2
(4.9)

3
+ BEPPE[|Vort3|2,) = S E[9Y].
=1

Now we estimate each term on the right-hand side of (4.9). Using properties of the increments
A, W, we get E[(o(u”, v”_%)AnVV, v”)] = 0. Using this we infer
n n ,n—s n+i n n—1 R
E[57] :E[(a(u OB A W, +%>} :E[(a(u AW, #)}
1 -3 n n
= iEKJ(un,v" é)AnT/V,v oy )] .

We use (1.7) — in modified form as stated in Scheme 2 — to replace v"*! — v™. Hence

E[J7] = %E[(U(u",v"_%)AnW, kAu"’%)] + %E[(U(u”,vn_%)AnW, Bk2+5Av”+%>}

1

1 n ,n—s
+ 5E o, v" )| AW 2]

(4.10) n %]E[(a(u", V"5 AW, Dyor(u”, v )u" m)}

+ ZE[(U(U”, v"_%)AnW7 [3F(u”,v™) — F(un_l,vn_l)])} = 231” .

In the following parts a)—c), we independently bound E[H’f] through E[Hg‘} in (4.7).

a) Estimation of E [Hﬂ in (4.10). We estimate the five terms H’f’i, 1=1,---,5, on the right-
hand side of (4.10). Let Dyo = Dua(u",vn_%) € L(H}, HY) and Dyo = Dva(u”,v”_%) €
L(H}, H}). By integration by parts and using o(u", v”fé) = 0 on 9O we infer

1 1
(4.11) o = iE[_ (MW’HA”W’ W“n’%ﬂ + 515[— (@ Vo2 A, W, /{:Vu"’%ﬂ
— 3?’7% + 3?:21 )
Using (A4) for m = 1 and the It6 isometry we get

n, n n,l
) gt < C2R[|Vur |22 AW 2] + CR2B[|[Vurs |2,]
< CZRE[IVu"|2:] + CR2E[| Va2, + [Vun~1)2:]

Using (A4) for m = 1, the independence property of the increment A, W, the Itd isometry
and the identity 2kv"t1/2 = 41 — y"~1 we estimate

3?,’21 = %E [* (M Vv”_%AnW, g V[u”+1 _ un—l])}
(4.13) = 1IE [— (k:l—g% VoI AW, kS vvn—l—%)}

<-C

2
g

| W

1
R E[|von3 |2, + s [Iver+2)2.] .
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The terms on the right-hand sides of (4.12) and (4.13) may now be controlled by those on the

1
left-hand side of (4.9) after summation over 1 < n < N — 1, provided that k < (3512 /3) 1-26
g

for B < % is sufficiently small.

Now we turn to 3711’2 in (4.10): integration by parts and using the fact that U(u",vnfé) =0
on 00 we get

371‘72 — %E [— (lirngun AW, B k1+§ Vv”*é)}
(4.14) . ) 1 ﬁ 1
(o ne i) <t g

Using (A4) for m = 1 and the independence property of A, W we estimate
1
It < CHHPE[|Vu" 2] + B2 KO E|[VomE |2

where the second term in the right-hand side can be be controlled by the corresponding term
on the left-hand side of (4.9). Again, using (A4) for m = 1 we obtain for the second term in
(4.14)

n 3 o1 1 i
a5 < BSC2RRTPE[|Vo3|2a] + B2 kPR Ver R

where the right-hand side can be managed with the left-hand side of (4.9).
We continue with the next term H?’B in (4.10): by It6 isometry and (A3),

1 1
9% = SE|lo(", o™ )2l AaW 2| < CRE|1+ Ve |22 + 0" |22 + 0" | )

where C' > 0 depends on Cr. Next comes 3711’4: using (A3), (A4) for m = 1 and item 4. of
Remark 1, we infer

/\2 P
9" < CE[llo(u", v"3) 2: A W] + Z-C2E |02 [ B2 W]
(4.15) ~2
n n n— a n
< CRE[L+ Va2 + 0122 + 10" 122 + - C2RPE[Jlo" 2]

where C' > 0 depends on Cy. The last term is J}"°: by (A3) we obtain

g < cn«:[na(un,v"*%)némnwﬂ + C’k2E[HF(un,v”)Hi2 + ||F(u”*1,v"*1)|yi2}
(4'16) nn2 n—1112 ni2 n—1/2
< cm[1 + Va2 + | Vu HIEe + ([0"|T2 + |l Hp} )

where the constant C' > 0 depends on Cp. Thus, the estimate of J7 through those of H?’l
through J7"° is complete.
b) Estimation of E[J7] in (4.7). By (A4) for m = 1, item 4. of Remark 1, and the
independence property of m,
o1 _1 7 1
93 <@ E[|Duo(u", v" )" |22 8, W] + CRE[lo" 5 2]

< C2A2RPE[l0" 2] + CKE[ "2 + lo" |2
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c) Estimation of E[J}] in (4.7). By (A3) we estimate
k
1) Ju = kE[(F(u”,v"),v”*é)} + §E[<F(u",v”) - F(u”fl,vnfl),v"+%)]
4.17
< CRE[J0" 3)[2] + CRE[1+ V2 + [Vur~ 2 + 0" 122 + o122 -

Now, we may use the parts a) through c¢) to bound the terms on the right-hand side of (4.9).
Summation over all 1 <n < N —1, for k < ko = ko(CL, C,) sufficiently small, leads to

LE[E@N o)) + 87 PRIV 2]

(4.18) 1 1 k>0 1/22 1 12 =
< ZE[S(uo,v )] + 8 1 E[||Vo/?|2.] + ZE[HVu I22] + CEk > E[E(",v™)] .
n=1

By (B1);, the implicit version of the discrete Gronwall lemma then shows (4.2).

2) Proof of (4.3) for p = 1. To simplify technicalities, we put F' = 0. Let us denote
E(um o) = 1[|[ Va2, + 2[[o" T 12,]. Arguing as before (4.9) then leads to

(4.19) (! v+t — €(u™ o] + R Vot R |2,
= <U(u", v”_%)AnVV, v"H_%) +a (Duo'(u", V"2 )" AW, 0"
Now fix % < 61,02 < 1, then multiply (4.19) with
S1€(u™ "t 4 6y (@(u”“, o) @(u v”)) ,

and take the expectation to get

01 + 209 01
!

@2(u"+1,v”+1) _ @2(un—17vn):| + EEUG(URJ'_lﬂjn-i_l) _ @(un—l’ vn){2:|
+ BEEHOR Vot E 2 [(61 + 8) €(u 0" 4 p€(u 0] |

(420) —E[ (o, 0" ) AW ) - [(01 + d)@(um 0 ) + e o) |

+ aE[(Dua(u", V"I AL W, v"+%) (01 4 02) E(u T 0" + S @ (u v")ﬂ
= K 4 Km?
We independently estimate the terms X™! and K™2.

a) Estimation of X™! in (4.20). This term may be written as the sum of two others:
Xt = (6, + 52)E{(0(u", U”_%)ATJ/V, v"+%) . (@(u”“, ") — @(un v"))}
2 + (01 + 252)E{<J(u",v”_%)AnW, v"+%) : (‘E(un_l,v”)} = Kt
We consider X" first. By E[|A,W[*] = O(k?), and (A3) we find
Kt < O3, B lo 0= AW a0 4 ] + B[l o) e o]
< %]E[Ha(u", U"—%)n;mnwﬂ + cglm[uwé ||;§2} + %]E“@(u"“, v~ e(unl, vn)ﬂ
01

1
< C’glkE[l + Z GQ(U"H,U"”)} + ZEU(’E(U”H,U”H) - (’E(u"_l,v")ﬂ ,
=—1
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where the last term on the right-hand side can be absorbed on the left-hand side of (4.20).
We continue with JCQ’I: on using ithe ndependence property of A, W, and equation (1.7),

syt < 3 [B[ (ot AW - ) e
=3 ‘EKU(U",U”_%)AnVV, kAﬂ”’%) : G(u"‘l,v”)} ’ +3 ‘]E[HU(U”,U"_%)A,LWHH%Q @(u"‘l,v”)} ‘
+3 ‘]E{(J(u",v”_%)AnVV, Dyo(u™, v"_%)v"m> : @(u"‘lwn)} ’ =: fK2 1 5{;21 J{g?} .

. SO
We spht .‘K2 L= fK;“ll’A—l—fKn’l’B because of (4.1); here, ng’ll’A is as ng’ll, where "2 is replaced

by u m3. We use integration by parts, and the fact that a(u",v"fé) = 0 on 00, (A4) for
m = 1, the independence property of A,W and that E[|A,W|*] = O(k?) to conclude

Kg:ll’A = g ‘E[ - (Va(u",vnfé)AnI/V, EV[u™tt — u"71]> : @(u”fl,v")} ‘
=9 ‘E[ - (Va(u”,v"_%)AnW, KI5+ 3 Vv”+%) : @(u”_l,v")} ‘
< Cs k% fBIE[HDua V|2, € (u" ,v")} 4O kPR [||D1,JVU”_% 12, €Y, v")]
52 k2+ﬁ E [van+2 H]LZ }
< 05202k3—5E[€2(u ;o) 4 @2(u 1o )} +C(520§ k3—BE[|yVU”—7||L2 (un—l’vn)]

6 n - n
+ 2R Vo 2 e ")

C e . 1,B
and we use a similar idea to estimate K5,

9
5(;”11’3 =5 ‘E[ - (Va(u",v"_%)AnW, BkQJFBVU”JF%) : Qf(u”_l,vn))”
< C5, k3P E [HDUJ V|2, € (u" vn)} + O, k3P IE[HDva oz |2, e (un Y U")}
+BZRPE]Vur 2, e o)
< C5,C2 PR [@(M, o) + €2 v”)] +C5,C2 KPR [||vu"—% 12, ¢!, un)}

+ BR[| To s e o]

where the last two terms in the right-hand sides of iKgll A and ngll ® may be controlled by
those on the left-hand side of (4.20) after summation over 1 <n < N — 1, provided that k is
sufficiently small and 5 < % .

Similarly, using (A3), and E[|A,W|*] = O(k?) we estimate

0
Ky < %E[Ha(u",v”—%)uﬁgmnwﬁ]+CkE[cs?(u"—1,v")] < CRE[1+ ) @ (™, 0]
{=—1
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Using ]E[|m|4] = O(k®), and (A3) gives

Ky < %E[||a(un,v"—%mnwu§2 | Duo(u, o™ 5y B, W2, | + CHE| €™, ")
c —
< %E[||a(un,vn—%)||iQ|AnW|4} + fE[Hv”nfﬁQ \Anwﬂ + Ck]E[QSQ(u”_I, u”)}

b) Estimation of X™? in (4.20). By (A4) for m = 1 and using the fact that ]E[|m|4] =
O(k5), we infer

/\2 /\
K2 < SB[ Duo(u, o3 o AW 2 045 2]

+ CRE[ (v )| + CKE[e2(u™, ™)

1
< SSE[IDuo (", 0" 0 [ B W] + CRE o™+ 3 L] + CRE[ 3 €, vm)]
{=—1

1
<atol k?’E[ezQ(u”,v”)} + cma[ 3 e?(un+f,w+f)] .
{=—1
Now we insert the estimates from parts a) and b) into (4.20), and sum over 1 <n < N — 1.

Then, for all k& < ky = ko(Cr, Cy) assertion (4.3) for p = 1 follows from the implicit version
of the discrete Gronwall lemma.

3) Proof of (4.3) for p > 2. Starting from the identity (4.20), we multiply &, 2" (u+!, v +1)4
02 [(‘3217_1 (un L, oty 4 @2 (un v™)] on both sides, and then take expectations. We may
then follow the same argument as in 2) to settle the assertion.

4) Proof of (4.4). Let & = 1. Suppose g2(v) =0 = F3(v) in (A3) and 8 = 0. We combine
both equations in the scheme (1.9)-(1.10) to get

[u”l - ue] - [uZ - ue_l] = 2AuSY? + ko(uh) AW + ak Dua(ué)vgm/
(4.22) 12

+?[3F( ") — F(u" ]

for all 1 < ¢ < N. Now sum over the first n steps, and define u"** := >"}_, u**! to get

[un+1 ] I€2Aﬂn 1/2 _ _|_ kz AZW + Oék‘ZDuO‘ ) ZW
(4.23) oo =1
+5 > [3F(u) - F(u)].
/=1
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Multiply both sides with «"11/2 and use integration by parts to get

%[HU”HH]?} - ||u”||H%2} + K2 (VY2 gt/
(o = W =) k(S o) AW ) £ ak( Y Duo(uyu AW 2)
=1 —

k&
= (3F(uf) — F(utY), u"+1/2) = /7 + R0+ AL+ AL
=1

We observe that the last term in the left-hand side may be written as

k> k>

B (Va2 gurt2) = (V] vt ) = S [van R, - vt g

Taking expectation on both sides leads to

4

1 k? _ e
(425)  SE[Jur I — ] + SE| VA - Va2 | = YE[R)].
j=1

Since u! — ug = kv', by (B1); we infer
1
(426)  E[8]] < {E[lu! —uof] + CKE[[u"2|E] < Ck+ CRE[[[u™/2|,] .

Using the It6 isometry and (A3) we infer

E[85] < kD E|lo()lE AW ] + CRE[Jlum /2]
(4.27) =t

<CRCEy E[1 + HQ/H%Q} + CRE[u"t/2)2,] .
(=1
Using item 4. of Remark 1, and (A4) for m = 1 we infer

E[f3] <k) E [||Dua(uf)uf||§2 \Wﬂ + CRE[|[um/2|2,]

(4.28) =
<K'CPY D E[0[I22] + CRE[[lu 72| 2,] .
(=1
Since v’ = %[ue — u*~'], we further estimate (4.28) by

<K2C7Y  E[|luflfa + utEe] + CRE[lu" /2 .] .
(=1

Using (A3) we estimate E[8&]] by

n
(4.29) E[&}] < CK*CE ZE[l + )22 + ||uf—1||{i2] + CEE[[um1/2)2,] .
(=1
We insert these estimates into (4.25) and sum over 1 < n < N — 1. Then, for all k < ky =
ko(Cr, Cy) and by the implicit version of the discrete Gronwall lemma, there exists a constant
C > 0 such that the assertion (4.4) holds.
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5) Proof of (4.5) for p = 1. To simplify technicalities, we put F = 0. Let us denote
E(un, T = [ﬂwuu |wn||L2] Then we can rewrite (4.25) as
(4.30) Ew T w ) — €W, T ) = /Y + Ry + /Y.

Multiply both sides with é(u”“,ﬂ"“), using binomial formula and taking expectation we
obtain

1~ ~ 11~ -
_E [@2(un+1,ﬂn+1) _ @2(un,ﬂn—1)} + 7E[‘€(un+l’an+1) _ 62(un’an—1)‘2]
431) 2 N 2 ~

—E [ﬁ’f E(um a"“)] +E [ﬁg E(umtt, u““)} +E [ﬁg E(umtt, u”“)} :
Using Young’s inequality, and arguing similarly to (4.26) shows

~ 1 ~
(4 32) E[ﬁ? e(un+1’ﬂn+1):| < EE[HU} _ UOH]ZIL)} + sz[HunJrl/ZHfiz] + kE[QﬁZ(un+l,ﬂn+l):|
< Ck+CkE[@2( L gty @2 (yn an)} .

By adding and subtracting &(u”,u"*!), and using (A3), we estimate the second term on the
right-hand side of (4.31) by
E [ﬁg (E(umtt amtl) — @(un,anfl))} +E [ﬁg @(u",anfl)}
1 i~ ~
< B[R] + 7 E[| @ am) - € w7
+CKC2YE [1 n Wugz} + CRE[u"24,] + CRE[€ (™, u" 1))

(=1

< CRCEY E[1+ €, a)| + CRE[E(u", 7))
/=1

+ %E[}é2(un+l’an+l) . é(un’ﬂn—l)lﬂ ’

(4.33)

where the last term in the right-hand side may be absorbed on the left-hand side of (4.31).
By item 4. of Remark 1, and (A4) for m = 1 we estimate

B[] E(u,w )] < ]E[|ﬁ 2] + CRE| €, am )]
<cl [yv 14| A7 | } + CKE[[umtV/2|14,] +cm[@2(un+1,u"+1)}
/=1

1 ¢ — P n —n P n —n
< Cpk' = S E[lufifa + u | + CRE[@(ur,am) + &2+ 7))

(4.34)

n
< Ok2 ZE[E2(UE7HZ) + é2(u£—1,ﬂ€—l):| + CkE[@Q(un,Un) + 'éQ(un—‘rl’ﬂn-‘rl)] )
=1
Now we insert the estimates into (4.31), and sum over 1 < n < N — 1. Then, for all
k < ko = ko(Cr,Cy) assertion (4.5) for p =1 follows from the implicit version of the discrete
Gronwall lemma.
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6) Proof of (4.5) for p > 2. Starting from the identity (4.31), we multiply &2~ (y"*+1!, yn+1)
in both sides, and then take the expectation. We may then follow the same argument as in
5) to settle the assertion.

0

5. STRONG RATES OF CONVERGENCE FOR (@, ) —SCHEME

We prove convergence rate O(k'/2) for the iterates {(u™, v")}n>1 of the (@, 3)—scheme for
a € {0,1}; if additionally o9(v) = 0 = F5(v) in (A3) holds, we may put 5 =0, and
a) the convergence rate improves to O(k) for iterates {u"},>1 in case & = 0, and
b) to O(k%?) in case a = 1.
1

For the convergence analysis, we need the following assumption on (u!,v?).
(B2) Along with (A1); and (B1);, let u® = u(0) and v° = v(0), and (u',v') satisfy

(B [lutt) =t + ot — o1 2]) 7 = 0 (412).

Theorem 5.1. Let (u,v) be the strong solution of (1.3) with A = —A. Let {(u",v")}n>1
be the iterates from (&, B)—scheme for k < ko(CL,Cy) sufficiently small, @ € {0,1}, and
0 < B < 5. Then, under the hypotheses (A1), (A2), (A3), and (Ad), (A5) form =1,2,
and (B2), there exists C > 0 such that

1/2
(5.1) max (E[Hu(tn)—unufml+||v(tn)—v"H[2L2D < CKV2.

1<n<N

For the following, additionally suppose oa2(v) = 0 = Fa(v) in (A3) and that the initial data

ul, ul, 00 satisfy

(5.2) (E[Ju(ts) — ' 12:] + 5 E v — ! —u0)22])) 7 = 0(672).

(1) Consider the (0,0)—scheme and assume (A1), (A2), (A3), and (A4), (A5) for
m = 1,2, and (B2). Then there exists C > 0 such that

max (Eu(t,) - w2])" + ;(E [éuw, ) -] Hiz])w < Ck.

(13) Consider th (1,0)—scheme and assume (A1), (A2), (A3), and (A4), (A5) for
m =1,2,3, and (B2). Then, there exists C > 0 such that

. 1/2 1 n ‘ 1/2
s, (Bt =) 4 3 (Bl DIVt -] ) < w0,

The following remark discusses the realizability of (5.2), and key tools to verify this theorem.
Remark 2. 1. In Section 6, we choose (u°,v") = (u(0),v(0)), together with
(5.3) u' = ug + kv + k20'(uO)A0W and vl =y + ko (ug) AW .
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We now prove that (5.2) holds in this case: first, we consider (1.3) in integral form on [0,t1],

(5.4) { u(t) = ug + [y v(s)ds
v(s) = v + fos Au(r)dT + f(f F(u(r))dr + fos o(u(r)dW(r), 0<71<s,

and insert (5.4 )2 into (5.4)1; a change of order of integration then gives

ulty) = o + trvo + /0 ! /0 " Au(r) drds + /0 ! /0 " F(u(r)) drds + A ! /O o (u(r))dW () ds

(5'5) t1 pty t1 pt1 t1 pta
= ug + kvg + /0 /T ds Au(r)dr + /0 /T ds F(u(7r))dr + /0 /T dso(u(r))dW(T).
Thus,
t1 t1
u(tr) = wo + kvp + / (ty — 7)Au(r) dr + / (tr — 7)F(u(r)) dr
(5.6) 0 0

t1
+/0 (t1 — m)o(u(r))dW (1) .
Subtracting (5.3)1 from (5.6) we infer

u(ty) — ul = /O "t — D) Au(r) dr +/0 (1 — 1) F(u(r)) dr

—I—/O 1(t1 — 7)o (u(t))dW (r) — k’20'(uO)(W(t1) - W(0)).

By (A3), Ité isometry, Lemma 3.2 (i), (ii) and Lemma 3.3 (i) we infer

57) E[H“(tl)—ulﬂa < CK* /OtlE{HAU(T)H]i2} dr + Ck? /O“E[HF(u(T))HH ar

t1
+ R / E[lo(u(r)) - o (uo) 2] ds < CI?.

0
Similarly, by (5.3)1, (Al); and Ité isometry we get
(5.8) E|llkvo — (u! —u")[[2:] < ¥ EJlo(uo) [E:100W 2] < CH.
Thus, combining (5.7) and (5.8) we get the assertion (5.2) for u'. To validate the choice of
vl in (5.3)2, we use (A1); and Ité isometry to get
E[llkvo — (u' = )] = E[llkvo — ko' 2] = K%E[[l0* — vollZ] < k*E[llo(uo) 22 20W ] < CF,
which settles the assertion (5.2).
2. For a # 0, the additional noise term in (1.10) improves the accuracy of the (&, 0)—scheme,

where Z;_V[// is approximated by m By (1.11), (1.12), and the fact that t, 41 — tne = k?,

we estimate the distance between A, W and m as

tn+1

e 5 - 5] —2]| - [ w123 wieno ]
(=1

tn

_E U jz; / T W (s) = Wtas) dsﬂ .

tn,f
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By the independence property of the increment A, W, we further estimate

k-1 t k=1 t
n,l+1 2 n,l+1 4
(5.9) <k / EDW(s) — W (tns)] } ds < kZ/ (5 — tg)ds < CK*.
/=1 tne =1 tn,e

3. The basic estimate is (5.1), which will be given in part 1) in the proof below. Its derivation
uses the Hoélder estimates in Lemma 3.8 for (u,v) in strong norms. The strategy of proof is
similar to the one used in the stability analysis for (&, )—scheme in Section 4; see item 1. in

Remark 1: the central term to estimate is T4(n) in (5.13), in which we replace the increments
entl — e via the error equation (5.11) to obtain terms which are scaled by k, or the stochastic

increments A, W and Z;_V[// The order limiting term then is T4(7nl’4) in (5.16), which may
be traced back to the noise term o, which may depend on v as well. In this case (only), the
additional term —k2TPAv"1/2 in Scheme 1 is needed to control the effect of noise: see the
additional term on the left-hand side of (5.12) to e.g. bound the corresponding term in (5.14).

The wverification of assertions (i) and (i) differs completely from this strategy: it starts

with the reformulation (5.17) that leads to the error identity (5.20), which then is tested with
ezﬂ/ 2; the noise part may here be estimated in a straight manner.

4. Part 2) in the proof below is conceptually motivated from arguments in [7]; however, their
realization in the stochastic setting differs considerably. We remark that estimate (5.1) is
needed in (5.24) to verify assertion (i) — next to Lemma 2.1 to bound the quadrature error

of the trapezoidal rule for integrands with limited reqularity; see term Iﬁ’n in (5.21).

5. If & = 0, the estimate (5.23) for term Ig’” in (5.21) restricts the order, and assertion (7)
follows; the improvement (ii) uses a = 1, s.t. this term Ig’n gives way to the sum Ig’? + Ig:g

)

in (5.28), which are both of higher order; see a)— b) in part 3) in the proof below.

6. For 0 = o(u,v) or F = F(u,v), neither assertion (i) nor (it) in Theorem 5.1 may be
concluded, due to the restricted Hélder reqularity properties of v opposed to u.

In this setting, either o or F in (5.17) in the proof below would depend on v as well, and
thus would modify corresponding terms in (5.20). For o = o(u,v), (a modified version of)
(A3) would additionally create a term Ck* >, E[||lef||2,] on the right-hand side of (5.22),
which may not be handled via Gronwall’s lemma to lift the order. For F = F(u,v), the
argument in (5.25) fails, which rests on Lemma 2.1, and the Hélder continuity of v = Oyu.

7. In the proof of (5.1), where 0 = o(u,v) and F = F(u,v), we do not require the discrete
energy bounds proved in Lemma 4.1. We only require the energy bounds proved in Lemma 3.2.
This is possible, since we can add and subtract Vu(t,) or v(t,) whenever L?-norm of Vu™ or
v"™ appears. However, the higher moment bounds in energy norm (proved in Lemma 4.1) are
required to show the improved convergence order O(k%/?) in the proof of (ii) of Theorem 5.1.

Proof of Theorem 5.1. 1) Proof of (5.1). For simplicity, we here give the proof for F' = 0.
Correspondingly, let (u,v) solve (1.3), and {(u",v")}nen solves (@, )—scheme, and (u,v)
solves (1.3). We denote by el := u(t,) — u" and e}' := v(t,) — v"™ error iterates, which are
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zero on the boundary and solve
tn+1
G.10) et =t =hel o [ (0(s) ~ v(tnsn)) ds,
tn

tn+l
entl — el = k:ABZ’l/Q +/ A [2u(8) [ult n;) + ultn-1)] ds
tn

LR AR k22+/3 Alv(tns1) + v(tn)]
(5.11) +/t"+l [o(u(s),v(s)) — o (u",v"~ 5)] AW (s) — @ Dyo(u”, 0"~ 3) o™ ATV .

1
We multiply (5.11) with ey 2 and use (5.10) to get

5
1 1 nt "
(5.12) 5[l 1 ~ IeBl] + [IVer 2, — IVer 2] + B2 1vertH 2, < STl
j=1
where
(n) tny1 tn 3
Tln ;:/ (V[U(s)—v( n+1)] V6u72>d8+/ (V[U(S)_U(tn)]vveu’2)d37
tn tn—1
et s r2u(s) = [ultpsr) Hulte-1)]] o ntd
(n) ._ _ ntl
e [ (e[ v g
n L2+6 n42
1 = 2 (Vo) +v(t)]. 9i ).

T4(n) = (/t:n+1 [U(U(S),U(S)) — U(u”,v"_%)] dW(s)jeT_%) ,
Tén) =—a (Dua(u”,vn 2" AW W, ent? ) .

We estimate the expectation of each term on the right-hand side of (5.12). By Lemma 3.3
(ti1), we infer

E[T{" +T4"] < Ck* + cm[uwg“uiz + Hve’g*HiQ] + CkE[He’g“HiQ + Heg||]i2] :

We use Lemma 3.2 (ii) to estimate

k2+5

E[TM] < & E[|Vert?|2,] + cr2S.

By properties of A,W we rewrite the term T4(n) as
n 1 n o n— n n
E[Ti )] = 5E[<[a(u(tn),v(tn,1/2)) —o(u",v 1/2)]AnW', evH — evﬂ

(5.13) + %E (/tn+1 [o(u(s),v(s)) — o (u(tn), v(ty—1/2))]dW (s),e el eZ)}
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)

In order to estimate T4(ﬁ , we use equation (5.11) to write

o1 I "
i} = S E[([o(ulta), v(tn-1/2)) = olu”, 0" V2] AW, kA1)
1 noone e 12u = [u(tngr) + u(tn-1)]
+2E< e [
1
+ §E ( to 1/2)) - a(u",v"_l/Q)]AnVV, — k8 Av"*‘%)}
1 tn+1
+ §E ( tn1/2)) — U(u”,v"_l/g)]AnVV, [o(u,v) — U(u”,vn_%)] dW(s))]
tn
+ C;E[( to 1/2)) - a(u",v"_l/Q)]AnVV, Dyo(u", v"_%) " m}
=T + TﬂQ) + Tf; Ry y

We consider Tﬂ’l) first; to properly address the dependence of o on v, we first restate it
with the help of (5.10) and use the fact that o (u(tn), v(t,—1/2)) = o(u™,v""/2) = 0 on DO
to obtain

T = %E( (tn),v(tn_1/2)) — o(u™, 0" 2| A, W, kA[el ! 63*11)}
B %E[(V[ (utn), V(t-172)) = (U™, 0" )| AW, 202V el 12
: n, n,
—S E[(V]o(ultn), v(tn-12)) = olu, 0" ] AW RTREF) | = Y + T

where RIT? = ﬁ:“ (v(s) = v(tnt1)) ds+ ;" (v(s) —v(tn)) ds. By chain rule, and (A4)

for m =1 we obtain
Y < —E[Cy{2IVultn) e + 2V0(tn 1722 + [Vella + Vel 2|2} A, W]
ETIR Ve e

We apply Young’s inequality, Ito isometry, (4.2) and Lemma 3.2 (i), (#4) to further bound
Tyvy by

T < C2R B[ (21 Vult)B + 21V 0(t, 1) + [VELEs + Vel 22} 1A, W]
(5.14) + ik%BE{HVeZH/ZHEZ}

< OK0 + O PE(| Ve 2] + G2 RSP E[[Ve /2%, ] + TR B[Iver /2)2,]

where the last two terms on the right- hand side may be absorbed on the left-hand side of
(5.12) for k < kg sufficiently small, and < . Arguing similarly and by Lemma 3.3 (7ii) we
infer

(5.15) T < Ok 4+ C2 B3P E[| Vel 2|2,] + Ck*P,

where the second term on right-hand side may be absorbed on the left-hand side of (5.12) for
k < ko sufficiently small, and 8 < %



24 XIAOBING FENG, AKASH A. PANDA, AND ANDREAS PROHL

We now estimate Tﬁg): by properties of A, W, (A3) and Lemma 3.3 (iii) we get
n,2 n n—
T4 < CLRE[(IVulta) = Vul[Ea + [0(ta1/2) = 0" /222) A W]

+C /tt E[H Afus) - utng) + u(tn,l)} ‘ ?ﬂ

2
< CRE[| Vel + b2 + ey [%:] + Ck*.
Using similar arguments as for the estimate of (5.14) we infer
T < CIPPR|IVulta) |22 + 21 Vo(ta- 1) |22 + V6|22 + Vel 2|2,
+ PRPPE[IVER, + [ Veltan o))
< AP E[|Ve 22 ] + (P E[IVer R + ok
Using (A3), Lemma 3.3 (ii), and properties of A, W, we estimate

n,4 n ,n—
T3 < CE[lo(ulta), o(ta-12)) — o 0"~ 2) 22 |2, ]
tn+1

+0 [ B[l (uls). v(s) = o (ultn). vltn-1/2)) [ | ds

tn

(5.16) < CKE[[VellZ + b2 + e 2]

tn+1
+Cu [ B[Vl u(ta I + 0= ot 2]
< CRE[||VepZ: + llezlZa + les|2:] + Ck?.

Using (A3), (A4) for m = 1, item 4. of Remark 1, and using Lemma 3.2 (7) (due to addition
and subtraction of v(t,) term to v™) we estimate

n n n— a2 n TL*l n
T4 < KE o (u(ta), vltn-1/2)) = o (", 0" 2)|2:] + SR E[ I Ducr(u, ") 0" 2,

~2
_ o n
< CLkE[HVeZHiz + |le? 1/2lliz] + ch BE[|ler)2.] + CK?.

Similar arguments, in combination with the Holder estimates in Section 3.1 may be used to
estimate Tg) in (5.13). Now, we estimate the last term in the right-hand side of (5.12).
Using (A4) for m = 1, It6 isometry, and Lemma 3.2 (i) (due to addition and subtraction of
v(t,) term to v™), we obtain

n a? n o n—=s\,n N 17 n n
E[1{"] < TE[IDuo(u", o™ 51" 2| B[] + CRE[lef 22 + el 2]

< & CERE[|[v"||22] + CKE[lleyIEz + llepllZe] < Ck* + CRE[ley™ |22 + lle 2] -

We now insert these estimates into (5.12), for which we apply expectations, and sum over
iteration steps. The implicit version of the discrete Gronwall lemma then yields the assertion,
again provided k < kg is sufficiently small.
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2) Proof of (i). Suppose g2(v) =0 = F5(v) in (A3), and @ = 0. We combine both equations
in the (0, 0)—scheme,

(5.17) [u“l - uz] - [uf —ut 1 = k2 Aubt/? 4 K [BF(U”) — Fu" ] + ko (ut) AW

for all 1 < ¢ < N. Now sum over the first n steps, and define "' := Yot uft1. We arrive
at

(5.18) [u”“ u"] — k2 Au™t/? = [u - uO] + k; ” [3F(ué) - F(ue_l)] +k i a(u AW .
=1 =1

We proceed correspondingly with (3.2), which we integrate in time: thanks to (3.1), we get
0<A<u<T)

[u(p) — u(A) / / Au(€) deds
=[u-— )\vo+/ / dgds—i—/j /Osa(u(§)) AW (€)ds.

For every S € [tn, tnt1], we write f(f -ds = ?;61 tt;“ -ds, where ng = | 7]. Setting u = t,11,

A =ty in (5.19), subtracting (5.18) from (5.19) then leads to

(5.19)

[€Z+1 n] /{:2A6n 1/2 _ [,Igvo — u — 0 —I— k Z )] AW

; /tn Z /te [o(u(€)) — o (u(te))] AW (€)ds

(5.20) +/ttn+1 Z”: /ttz+1 A[u(f) B w(tos) —;—u(tg_l)} déds
+ / = /Hl P(u(©) — 5 [3F (u(t)) — F(u(te-1))] déds
tn =1l
k2 &
+5 22 (3[F (u(t) = F(u)] = [Fulter) = F'™)]) |
/=1

+1/2

which holds for all n > 1. Now multiply with ey, , and observe that

k2 (VEZ’UQ, VeZ'H/Q) - T(Veﬁ“ +Venl vent! - é”—l])

u
k2 112 112
= T [Ivarti. - Iver iz
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Using this in (5.20) then leads to

1 n+1(2 n(2 ]€2 —n+12 —n—1(2

5 et Iz = letl:| + 5 [Ivesiiz. - Ve ||L2]

n

(kvo ~ Tt — ), n+1/2 <Z )]AEW, en+1/2)
=1

(5 [ o) - otutpjawiis i)
n /tw (v [u({) ultern) + u(te_l)] 7 wz*”) d¢ ds

tn+1
5.21 —/
(5.21) 5 > \ 5

=1
[ (70 = Y30 u0) ~ Futte)]. ) acas

+ "y

kj - _ INEE _ £=1\] n+1/2

+5 Y (B[P (ulte) — Fu)] = [Flulte-)) = F(u' )], e t/2)
/=1

— I+ I+ I

We estimate the six terms in (5.21) separately. From (5.2) we infer
C
E[17] < 7 E[llkvo — [u' = u’]|Z2| + CRE et /2|2:] < C* + CRE[lles /2]

For 15", by Ito isometry, and (A3), we have

(5:22) B[] < CRE[lert 2] +kE[|| 3 [o(ulto) - o(u) i}
/=1
< CEE[||ert/?|2,] +éLk22n:E[HeﬁHiz] :

(=1

The term Ig’n can be controlled by It6 isometry, (A3), and Lemma 3.3 (i) as

E[I§”] = ]E{(/t:"“ z":/t4+1 [o(u()) — o (u(te))] dW({)ds,eZ“/Q”

=171

~ tpt1 M Loy
(5.23) < CL/ Z/ E[Hu( ) — ulte) Hm}df+CkE[HeZ“/2Hi2]
tn

/=1
Cuk® + CRE[[Jen Y2, + [le™]12] .

A

IN

We use Lemma 2.1 to estimate E[I."]. For this, we choose f(£) = E[(Vu(¢), n+1/2)} for
all £ € [tn,tn41]. By Lemma 3.3 (iii), we have v = § in (2.1),

E[(Vo0 - oo, 7t 2)]| < o(BOTer 2E]) - sl
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As a consequence,

/t:m E[(V [u(é) B u(teyr) —;U(tfl)yveg—f—lﬂ)} dé < C(E[HWZH/QH@]);]{S .

This estimate then yields

12
4
by using Young’s inequality. By (5.1) the leading term on the right-hand side is again bounded

above by Ck3.
Next, we turn to E[Ig’"]: as a first step, we split it into two parts,

el = [ [ (e — S rute0) + Pt )] ) s

no =17t

+ S E[(F(ulten) — 28 (ult) + F(ults1)), 72| = B[ + 153
(=1

(5.24) E[I5"] < Ck? (E[Hveg“/ZHiQ])l/Q < ZE[|Vert2|2,] + Ok,

To handle these two terms, we use Lemma 2.1 with f(§) = E[(F(u(ﬁ)),eﬁ“ﬂ)] where

€ € [tn,tnt+1], and verify v = % in (2.1): by (A4) for m = 1,2, the chain-rule and the
mean-value theorem

\ (DeF (u(t)) — DeF (u(s)), ent/?) ’
= |(DuF (u(®)o(t) = DuF (u(s))u(s), i /2|
(5.25) = ’((DuF(U(t)) — DuF(u(s)))v(t) + DuF (u(s)) (u(t) — v(s)), €Z+1/2)’
= |((D2F(u(t) = u()) (v(t) + DuF (u(s)(0(t) ~ v(s), e*2)
< Cy [lu(t) = u(s) e o)l leh T2l + Cy lo(t) = v(s) allen ||z -

where D2F := D2F(u,) and U, := pu(t) + (1 — p)u(s), for some p € [0,1]. Lemma 3.3 (i)
then establishes v =  in (2.1), and so Lemma 2.1 yields

B[12] < CtC (B[t 2%]) < okt + kB[R]
In order to estimate E[Ig;], we may write for some 6 € (0, 1)
F(u(ter1)) = F(u(te)) + DuF (u(te)) (u(terr) — ulte))
+ %(DiF(U(te) +0(ulterr) —ulte))) (ultee) — U(tz))) (u(tes1) —u(te))
and
F(u(te-1)) = F(u(te)) + DuF (u(te)) (u(te—1) — ulte))

45 (DEF (ult) + B(ultr) — u(t0) (ute-1) — ulte))) (ulter) ()
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Then, adding the above two terms we get
F(u(tg+1)) — 2F(’U,(tg)) + F(u(tgfl))

— DyF(ultenn) - 2u(te) + ulte-1)) + 3

5 (D2 (ultes1) = u(te))) (ultes) — u(to))

(D2F (u(te—1) — u(te))) (u(te—1) — u(te)),
where Dy F := Dy F(u(t;)), D3F := D2F (u(te)+0(u(tes1) —u(te))) and DZF := D2F (u(te)+

O(u(te—1) — u(te))). We begin with the first term on the right-hand side: first, by the mean
value theorem, there exist (1,2 € [0, 1], such that

u(tesr) — u(te) = kv(Cite + [1 = Gltega) —[ulte) — ulti—1)] = —kv(Gate—q + [1 — C2te) -

Hence, Lemma 3.3 (ii) settles O(k%) for this term. If combined with Lemma 3.3 (i), (A4)
for m = 1,2, we can conclude

E[I§5) < CK* + KE[|le*/2|7,]

Finally, by (A3) we infer

n
£, —
ElIg") < CR* (D EleblZ: + llef 2] + E[lle/?2:]) -
(=1

Now we combine all the above estimates in (5.21) in summarized form, then the implicit
version of the discrete Gronwall lemma yields assertion (7).
3) Proof of (ii). Similar to (5.18), we have for a =1

[un+1 _ un] _ k:QAﬂ"’l/z _ [ul _ uO]

(5.26) =k Z AW + ak Z Dyo(u ! AW + k; i [3F(u’) — F(u*1)].

(=1 (=1

So the additional term on the right-hand side of the error equation (5.20) is

(5.27)  ak Z Yo AW + ak Z W (WY (AW — AgW)] = 357 + 357
(=1

We now follow the argumentation in 2): multlphcatlon with enH/ ? of the modified error
equation (5.20) then leads to (5.21), where J3’A is merged with I3’ which may be written by

the sum of two terms

’ y tnt1 T
7n 7” —_—
et = ([
tn =1
tny1 M
([
t

/ 41 {a(u(f)) —o(u(ty)) — Duo(ulte))v(te) (& — tz)] AW (£)ds, en+1/2)
no =17t

/ ! [Dur(ult)ofte) — D] (€ — t0) W (), 1)
(5.28) )

We independently bound the other error terms in (5.21) in this modified setting:
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a) To bound E[Ig;ﬁl] in (5.28), we use It6 isometry, the mean-value theorem, (A4) for m = 1,2,

to get
E[Iin] < kE[ ) /:n+1 Zn: / Do (ute))v(te) — Duo(u)’]

(=171

x (€~ ) aw (@ ds| ] + KE[le)2.]

< [ SR [ Do (ut0) ) - Duot

(5.29) =1
X (€~ te)? dE ds| + RE[J|ex/2)2.]

< Ck4ZE|:HDu0'(U(tg)) ( ) D, 0’ [HLQ} +kE[||en+1/2H2 ]
/=1

< Ck4§n:<IE[HeZIIL2} +]E[13 Al]) + kIE[HeZH/?H]Qw} :
=

where Ig;:l = ||[Duo (u(te)) — Dua(ue)]v(tg)HEQ. In order to handle the first term in the
right-hand side, we estimate (5.29) further by

< On S (B[l + et 2] + R[] ) + e [er+ /2 2]
=1

We estimate the second term in the right-hand side as

ok4zE[ n] < cz#ZE[||ef||Lzuv<te>||w}

(5.30) Y AT Ao
(=1
< CR Y E|lleh 2] + ChO S Elleblit:] + kS Y[t |
(=1 /=1 (=1

where the last term on the right-hand side is bounded by Ck® due to Lemma 3.2 (i4i). The
second term on the right-hand side is bounded further by Ck®>")_, [||u(tg)||ftg + HueHﬁQ},
which may be bounded by Ck®, thanks to Lemma 3.2 (i) for p = 2, and (4.5).

b) Now consider E[Iﬁ;fQ]. Let & € [tn, tnt1]; we use the mean-value theorem twice, (A4) for
m = 1,2, to conclude

o (w(©)) — o (ulte)) — Duo (ulte))v(te) (€ ~ t0)] -
3 §
a1 = [Du@o) - Duoutt)) [ vt dn+ Dus(uttn) [ [vln) = o(en)]

ty ty
< O|Vu(€) = Vulty)llf + CE*  sup  [[v(€) — v(t)]lF2,

te<&<tpy1

2
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where e = (u(§) + (1 — Q)u(te), for some ¢ € [0, 1]. Thus, we have

E57) < CKE[ sup (IVu(§) — Vu(to)lts + £ [o(€) — vite)[22)] + KE[lel/2)2]
te<E<tpy1

< Ok* + kE[|lent1/2)2,].

c) To estimate the term involving Jg’g, which is defined in (5.27), we use Young’s inequality
to write

E[(3%7, ent1/2)] < k:2 E[| ZD o (u ! [V — AKW]H |+ BE[lert2)2,).
Then, we use (A4) for m = 1, and independence of increments A, W to get

<a’C2k ZE[||DUU(UZ)MH§2|A7V\V - &Zv’vﬂ +RE[ert2)2,] .
/=1
Finally, we use (5.9) and (4.2) of Lemma 4.1 to obtain

(5.32) <@ ok Y E[|[IEe] + KE[len 1] < Ok + KE[llen™ /2] .
/=1

d) We may modify the argument in part 2) to improve the bound E[Iﬁ’n] in (5.24). Using
integration by parts and using Lemma 3.3 (iv) instead, we verify (2.1) of Lemma 2.1 for

v =1/2 (by choosing f(€) = E[(Vu(€), Veu/%)] for all € € [tn, tn11] ) to get
[E[(VIet) - o(s)]. vert/2)]| < o (e 212]) e - sl
Using this estimate we infer for I."™ in (5.21) that
E[ri"] < ok (B[l 2)2))

Thanks to the above estimates in a)—c), and after summation over all iteration steps in
(5.21) we may then conclude assertion (7). O

< CKE[||lent2|22] + Ok*.

6. COMPUTATIONAL EXPERIMENTS

In this section, we provide computational studies to check

e how essential the assumptions (A1)—(A5) and (B1)—(B2) (i.e., needed in Sections
3-5) are in actual computations. In this respect, we computationally study the impact
of rough initial data (ug,vp) on the discrete dynamics, as well as of drift nonlinearities
F' (see Example 4).

e If the diffusion o = o(v) and the drift F' = 0, then there is a reduction of convergence
order as proved in (5.1) of Theorem 5.1; see Example 3.

e The diffusion o = o(u,v) = 0 on the boundary, and satisfies (A3). Example 5
discusses the effect that noise has, which is non-homogeneous on the boundary, or
violates (A3).
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e By Theorem 4.1, 8 in the (@, §)-scheme needs be chosen from (0, 1/2) to ensure stable,
accurate simulation of (1.3) with o = o(u,v) and F = F(u,v). The simulations in
Example 6 evidence a small choice for § for faster Monte Carlo approximation.

We use the lowest order conforming finite element method to simulate the (@, 3)—scheme
on a regular triangulation 7, of O; see [2]. Let the finite element space be
Vi = {w, € HS : uh}KE Pi(K) VK €Ty},

where P;(K) denotes the space of polynomials of degree one on K € 7Tj,.

As initial data, we choose u! and v! as
(6.1) ub = ug + kvo + k2o (uo) W (t1), and vl = vy + ko (ug)W(t1),

where ug, v (not finite element valued) satisfy assumptions (A1);, and (B2). Recall the

definitions for 7™'/2 and m in (4.1) and (1.11), respectively. We implement the following
scheme:

Let {t,}N_ be a mesh of size k > 0 cov-

Scheme 3. Let @ € {0,1}, and 0 < (B < %
n > 1, find a [Vy)*-valued, Fy, . -measurable random

ering [0,T], and (6.1). For every
variable (u}t', v tY) such that

62)  (up™ —upén) = k(o™ on) Vi € Vi,
n—l
(Wt = vt ) = =k (Va2 V) + (o, ) AW, 0 )
n_l —
(6.3) +a (Dua(u;;, vy AW, zph)
k _ _
+ 5 (3F(uh ) = Pl op ™), ) Vi, € Vi,

6.1. Convergence rates. The numerical experiments are performed using MATLAB. In
this section, for all the examples we choose O = (0,1), T' =1, A = —A in (1.3). We
choose ug(x) = sin(27z) and vo(z) = sin(37x), and u',v! are chosen as in (6.1). A reference
solution is computed with a step size krer = 277 and hyesr = 277 to approximate the exact
solution and the sample Wiener processes W. The expected values are approximated by
computing averages over MC = 3000 number of samples. The plots are shown for the time
steps k= {273,... 276}

Example 2 in Section 1 provides computational evidence for the improved convergence
rate O(k%2) for the scheme (1.9)-(1.10) with @ = 1 in the situations where o = o(u). In
the following example, we consider ¢ = o(v), and find a convergence rates of O(k'/2) in
simulations (A)—(C) of Fig. 6.1, which validates (5.1) of Theorem 5.1. So we observe a
reduction of convergence order if compared to Example 2, where o = o(u).

Example 3. Consider o(v) = %v and FF = 0. Fig. 6.1 displays convergence studies for
the (@, B)—scheme for @ = 1 and 3 = 1/4 : the plots (A)—(C) of L%-errors in u, Vu and v,
respectively, confirm convergence order O(k'/?); see (5.1) of Theorem 5.1.

In the following example, we discuss four different cases where
(1) F = F(u,v) is non-zero on the boundary, but Lipschitz and o = o(u);



32

Error

XIAOBING FENG, AKASH A. PANDA, AND ANDREAS PROHL

—~L2errorforu
order 1/2
——order 1
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order 1/2
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—~L2 error for v
order 1/2
——order 1

Time step

— — order 3/2

(a) L2-error for u (B) L%-error for Vu (¢) L%-error for v

FIGURE 6.1. (Example 3) Rates of convergence of the (1, %)—scheme with
o(v) = %v and F' = 0.

(ii) F = F(u,v) only Holder continuous, and o = o(u);
(791) F = F(u,v) is same as (i), and 0 = o(u,v) satisfying (A3);
(iv) F = F(u,v) is same as (i7), and 0 = o(u,v) satisfying (A3).
We observe that although F' = F(u,v) violates (A3) in (i7), we still get improved convergence

rates, but if o = o(u,v), we get the convergence order O(k'/2) as shown in (5.1) of Theorem
5.1.

Example 4. We consider the following cases:
(1) o(u) =u and F(u,v) = cos(u) + 2v;

(i1) o(u) =u and F(u,v) = Ju+ v+ 2;

(i4i) o(u,v) = 1z +v and F(u,v) = cos(u) + 2v;

(v) o(u,v) = 7%z +v and F(u,v) = Vu+vv+2;
The errors are computed via the (&, 5)—scheme with & = 1 for B = 1/4 : the plots (A)—(C)
for the problem (i) evidence the convergence order O(k3/?) for u,Vu, and O(k) for v. We
observe the same convergence rates for the problem (ii) despite the lack of Lipschitzness of F
which violates (A3); see plots (D)—(F) of Fig. 6.2. The plots (G)—(1) of L2-errors in u, Vu
and v, respectively, for the problem (iii) and evidence the convergence order O(kY/?) as shown
in (5.1) of Theorem 5.1. We observe the same order of convergence for the problem (iv); see
plots (J)—(L) of Fig. 6.2. Thus, this example shows that the estimate (5.1) is sharp in the
case of diffusion o = o(u,v).

In the next example, we drop the assumption on o = o(u) to be Lipschitz and zero on
the boundary to see which of these violations spot the reduction of the convergence order of
scheme (1.9)-(1.10).

Example 5. Let F = 0. Consider the following cases:
(i) o(u) = 132

(i) o(u) = /[ul.

In Fig. 6.3, the errors are computed via the scheme (1.9)—(1.10) with @ = 1. For problem
(i) (nonzero boundary), the plots (A)—(B) for L?-errors in u, Vu, respectively, show the con-
vergence order O(k%/?) and the plot (C) for L2-error in v shows O(k). For the problem (ii)
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FICURE 6.2. (Example 4) Rates of convergence of the (1, i)—seheme.

(non-Lipschitz), the convergence rates for L?-errors in u, Vu are reduced to O(k); see plots
(D)—(E), but L2-error in v remains same as O(k); see plot (F).

6.2. Choice of § and required number of MC.

Example 6. Let O = (0,1), T = 0.5, A = —-A, FF =0, o(v) = 5v. We compute W on
the mesh of size k = 2712 covering [0,0.5]. In the (@, B)-scheme, the term v = u™
5k1+60"+% imwvolves B, where the last term creates an additional numerical dissipation term
in (1.3) to control discretization effect of the noise. For f =0 with 0 = o(u) and F = F(u),
the scheme (1.9)—(1.10) is stable, but for general case we require § € (0,1/2) for the stability
of the (a, B)-scheme; see Lemma 4.1. For increased value of 3, stabilization effect vanishes

for small k. Thus, a smaller choice of B is preferred to have the stability of the scheme. The

snapshot (A) in Fig. 6.4 shows for B =0,%,%,3,1, that at least MC = 400, 600, 800, 1000, 1400,



34

are needed to have a steady of the energy € at time T = 0.5. The snapshot (B) evidence a
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FIGURE 6.3. (Example 5) Rates of convergence of the the scheme (1.9)-

(1.10) for a = 1.

higher number of MC as we increase B to have a steady energy curve.
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FIGURE 6.4. (Example 6) (@, §)-scheme with o(v) = 5v, and F = 0.
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APPENDIX A. PROOF OF LEMMA 3.2

We exploit the linearity of the drift operator to decompose the solution w of (1.3) with
A = —A in the form u = uy + us, where u; solves the following PDE

diy — Auy dt = F(0,0)dt  in (0,T) x O,

(Al) ul(O ) = 0, Gtul((), ) =0 in O,
ui(t,-) =0 on 00, Vte (0,T),
where “-” denotes the time derivative, while us solves the SPDE
dity — Aug dt = F(u,v)dt + o(u,v) dW(t) in (0,T) x O,
(A.2) u2(0,-) =wup, Opuz(0,-) =1vp in O,
ug(t,") =0 on 00, Vte (0,7),

where F(u,v) := F(u,v) — F(0,0), and v = dyu := dyus + dyua. The reason for introducing F
is to make the drift term has zero trace in (A.2);. To prove the regularity results, we use the
framework of [8] for (A.1) and we use the Galerkin-based proof for (A.2); see, e.g. [3, Ch. 6].
We need some extra assumptions on F' and o (e.g. (A3)—(Ab5)) and use different arguments
than [3] as we require improved regularity results.

For the argumentation below to work, for the improved regularity, we assume that o is zero
on the boundary, but not F'. If this is not assumed, then the subproblem (A.1) will have an

extra term (fo (0,0)dW (s), <b> in the right-hand side, and in (A.2), o(u,v) will be replaced
by o (u,v) := o(u,v) — 0(0,0), which is zero on the boundary. In the next step to prove
the higher regularity of the modified (A.1), we need to consider the following transformation,
y(t) = uq(t fo fo a(0,0)dW (r) ds. Now, y solves a randomized PDE with y = h on the
boundary, Where h(t fo fo (0,0)dW (r)ds. Since h is of class CL3 with respect to the

time variable, the Standard PDE technlques to show the improved regularity may not be
applied. This motivates us to assume that o is zero on the boundary.

Proof of Lemma 3.2. We first prove the improved regularity results for u; and use a boot-
strapping argument to prove the improved regularity results for wus.

a) Improved regularity of u;. By [8, Sec. 7.2], there exists a unique solution u; €
C([0,T);HY) and dyuy € C([0,T);L?) to (A.1). By [8, Sec. 7.2], for m = 1,2,3, under
the assumption (A5), we get (ul, 8tu1) € L>®(0, T;H™ 1) x L*°(0,T;H™), and we have the
following estimate

A3) s (Ol + 100 On) < CIlPO.0 gm0 2).

We will use this result to prove the improved regularity for wus.

b) Improved regularity of us. By [3, Thm. 8.4], there exists a unique {Ft}tzo—adapted
process (uz, dyuz) € L?(Q; C([0,T); HY)) x L*(; C([O T);L?)), which satisfies (A.2) P—

The proof uses a Galerkin approximation, with {p;}32, the orthonormal basis of L2, composed
of eigenfunctions of —A. For any n € N, we deﬁne the finite dimensional space H,
Span{p1,---,pn}, and P, be the projection from L? onto H,,. We define A,, := P, A : Hn —
H,, and use the mappings F (Up,vp) = Py F(un,vn) € H,, and oy, (up,vy) = Pna(un,vn) €
H,, for (un,vn) € [Hy,)?, such that w, = w1, + ugy,, where uy, := Ppui, v, 1= viy + V2, 1=
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Opuin + Opugy, with ug, (0) = Prug and ve, (0) = P,ug, where ug, and vy, satisfy the following
approximated system

Ad dUQn = V2n dt
(A4) dvg, = (AnUQn + F\n (uln + U2n, Vip + U2n)) dt + oy (uln + U2n, Vip + U2n)dW(t) .

By [11], there exists a unique {F;}+>0-adapted process (uzn, v2,) on (Q,F, {ft}tzmp) such
that for each n € N, (ugp, v2,) € L? (Q; C([o,TY; [Hn]z)) for (Ppug, Pnvo) € [H,]2.

1) Bounds: Let ¢ € {O, 3.1, 3}, which correspond to the parts (i) — (iv) of Lemma 3.2,

respectively. Define the map &, : H,, x H,, — R, where
e+
Do(u,v) = [HA PullZa + |Gl
Thus, D, ®¢(u,v), Dy ®p(u,v) € L(H, ) For any ¢ € H,,, we have
+3
Dy ®(u,v)(¢) = (An"2u ¢) and D, ®(u,v)(¢) = (Abv, ALg).
Applying It6’s formula to the process <I>g we obtain

q)g(UQn(t),vgn(t)) = q)g(UQn(O),Uzn(O)) + /Ot (Afjlu%l( ) Afj%q)gn(s)) ds

+ t Al gy (s), A ug, (s) + AL F, (un(s), va(s)) ) ds
h )

+/0 (Aflvgn(s),Aﬁan(un(s),vn(s)) dW(s))
+;/0 HAﬁan(un(s),vn(s))HiQ ds,

where u,, = u1,+us, and v, = v1,+v2,. We use different arguments for the cases £ = 0, ;, 1,3 35
which represnt the parts (i) — (iv) of Lemma 3.2, respectively.

bl) F = F(u,v) and o = o(u,v) for £ = 0. Since Pro(un,vs) = > 14 (a(un,vn),pi)pi,
using (A3), a standard argument gives

Han(unavn) Hiz < HU(Unavn)Hiz < CL{l + Hvun”]?} + an”i?}
< {1+ IVunls + onl } < C{U+ 1AY w2 + a2}

A similar estimate will hold for || E, (un, vn) 12, .
b2) F = F(u,v) and o = o(u,v) for £ =1/2. Proceeding similarly as before for ¢ = 0, and
using (A4) we infer

1A%, (1, va) |2 = Z/\j‘ (U(Um”n)’f)j) ‘2 < [|Vor (un, va) |12
7j=1

A similar estimate will hold for HA%/ 2ﬁn (un, Un) H i2. The other terms in the right-hand side

of (A.5) can be dealt similarly by the use of Cauchy-Schwarz inequality.
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Using the above estimates in b1) and b2) (for £ = 0 and 1, respectively) in (A.5) we obtain
(1) 20 (1) < @120 0)120(0) +.C [ [+ 18k )12 + 185 P9 s
(A.6) .
+ [ (Boan(). A0 10 (5),0a () AW ()

0
Using the definition of ®y, raising the power p in both sides of the inequality for some p > 2,

taking the supremum over time and then taking expectation, and using the regularity results
in a), we get

E[ sup @ (u2n(8), U2n(3))}

0<s<t
(A7) < C + 37 'E| @ (uz0(0), v20 (0)) | + 37! /Ot E[OS;:ES @ (uzn(r), van(r) | dr
4+ 31 [oiggt /Ds (Aﬁvn(r), Aﬁan (un(r), vn(r)) dW(r)) P] .

Using the Burkholder-Davis-Gundy inequality and previous estimates for ¢ = 0,2, and

using the regularity results in a), we obtain
s p
/0 (Af;UQn(r),Aﬁan(un(r),vn(r))dW(r)) }
t ) p/2
a9 os|( [ 1At R Ak (6. o)) ]
0

< C+CE[ Sup 7 (uzn(s), van (s } +c/ [ sup 7 ugn(s),vgn(s))} ds.

0<s<t 0<s<t

’ 92

E[ sup
0<s<t

Using (A.8) in (A.7) and using the Gronwall lemma we get for £ =0, 3 and p > 2,

(A9) E {Osgligt A (uzn(s),vgn(s))] <CE [CDJZ(UQ”(O), Uzn(o))] T < CE {@f(uo, Uo)} CT

b3) Dealing of cases { = 1,35. We assume (A3) for these two cases. If we treat o2(v) and
F5(v) as general functions, then the chain rule and the product rule formula of calculus will
lead us to higher order derivative terms with higher moments in v in the right-hand side as
compared to the left-hand side; see (A.10) and (A.11) below for the similar estimates in v.
Then, the Gronwall lemma may not be applied. Thus, F' = F(u) and ¢ = o(u) are treated
as general functions, but F' = F(v) and o = o(v) are assumed to be only affine in v.

Case-1: Let us consider the case 0 = o1(u) and F = Fy(u), which can be dealt as general
functions. Take ¢ = 1 in (A.5). Then, using product formula, and chain rule for general
functions and by (A4) for m = 1,2, we infer

(A10)  [Anon(un)llf> = ZV * < |Aa(un) 22 < C2[(Vun)2|2 + Col| Aun 22

Now, using Ladyzhenskaya inequality and Poincaré inequality, we estimate the term
1(Vun)?lZ2 < CllVunlZallAunlifz < Ol Vunlliz|| Aunllfs + CllAug |

(A.11) : ) ,
< OlVun|lgz + CllAunllt: + ClIIVAu g -
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Similar estimates will hold for HAnﬁn(un)\|E2 Now, we take £ = 3 in (A.5). Using the chain
rule, (A4) for m = 1,2,3, we infer

(A12) A} 2o (un)lf2 < A% 20 (un)lIF2 < CF [(Vun)®[22 + C; [|VunAug |22 + Cy |V Aun|If2 -
Using the Sobolev embeddings we further esimate

(A.13) 1(Vun)?lf2 < C | Vunllfs < C | Aug|e,

and

1/2 3/2 1/2 3/2
[V At |22 < C [Vt [Bal| Al |2 < C [Vt |57 et 32 | At | 57V A

(A.14)
< O Vunllfz + CllAunllfz + C|[VAuy|32 .

Similar estimates will hold for ||Ay S2F Fo(un)2s.

Case-2: Let o = g9(v) and F = F(v), such that (A5) holds. For £ = 1 we have

(A.15) 1Anon (vn) 122 = Z/\ [(o(vn), p))|” < A0 (wa)llFa < CyllAvaa

and for ¢ = % we have

(A.16) 1A% 200 (vn)[F2 < A0 (vn)[F2 < Col|VAvIF2

Similar estimates will hold for HAS/ °F, Fo(vn) |2

Using the estimates (A.10), (A.14), (A.15), and (A.16) in (A.5) for £ = 1,2, and using
the regularity results proved so far for uy, and wug, and their time derivatives, we get (A.7)
for £ =1, % Finally, the use of Burkholder-Davis-Gundy inequality yields the assertion for
(=1,3.

2) Convergence: By step 1), for p > 2
(u2ns Vo )n © LP (€4 L0, T H2 5 H2)) 0 LP(Q; L2(0, T; H2H x H))

is bounded for ¢ = 0, ;, 1,3 Here, we need to argue the convergence case by case. First,
consider ¢ = 0. Then, there exist subsequences (ugy ), and (va,),s, which converge weakly
to uh and v}, respectively. Then, using standard arguments (see [3]) shows that (u),v)) is a
weak solution of (A.2). By the uniqueness of the weak solution, we have (u}, v}) = (u,v). By

Fatou’s lemma, passing to the limit in (A.9) yields

(A.17) E s @?(ug(s),vg(s))] <CE [(I)IZ(UOWO)} eCT

for £ = 0. Now, consider £ = % Then, there exist subsequences (ug,)p7 and (vg, ), which
converge weakly to some 192 and vs, respectively. By using the standard arguments and the
uniqueness of the solution of the system (A.2), we claim that (a9, v2) = (Vug, Vua). Thus,
by passing to the limit (A.17) holds for ¢ = 1/2. Similar arguments will yield the result for
(=1, % Combining (A.17) with (A.3) we get the assertions in Lemma 3.2. O



HIGHER ORDER DISCRETIZATION OF THE STOCHASTIC SEMILINEAR WAVE EQUATION 39

APPENDIX B. PROOF OF HOLDER CONTINUITY IN TIME

The proof of Lemma 3.3 uses the regularity results for the variational solution of (3.1)—(3.2)
in Lemma 3.2. We obtain a Holder regularity in time for v which is double the one for v: the
reason for it is the occurrence of the It6 integral in (3.2), but not in (3.1).

Proof of Lemma 3.3. Proof of (i). Let r,s € [0,7T], and fix p € N. By Lemma 3.2 (i), we
have v € L*(Q; L°°(0,T;1L?)). Therefore, [ v(£)d¢ is well-defined for a.e. 2 € O and P-as..
Thus, we can write the weak formulation (3.1) in strong form P-a.s. as

u(r) —u(s) = / v(€)d¢, for ae. x € O, for r,s € 0,7].
Then, the Hélder inequality yields

Jutr) — u()2 < ( / 0@z d)” < fr — 52! / (€))% de .

We fix s,t € [0,77], and take supremum w.r.t. r, and then take expectation to get

E[ sup [Ju(r) - u(s)|] < |t - s/ E| / Io(@) 15 de] < It = PP sup (0]

s<r<t

Hence, (i) holds by applying (3.3) in Lemma 3.2.

Proof of (ii). Let r,s € [0,T], and fix p € N. The first part follows as (7). By Lemma 3.2 (7),
we have u € L?(Q; L>(0,T;H?)). Therefore, [| Au()d¢ is well-defined for a.e. z € O and
P-a.s.. By Lemma 3.2 (i), we have (u,v) € L2 (2 L°°(O,T; H? x H')). Therefore, by (A3),
ST F(u(€),v(§))d¢ is well-defined for a.e. € O for s,r € [0,T] and P-a.s.. Similarly, by
(A3) and Ito isometry, [ o(u(§),v(€))dW (£) is well-defined for a.e. 2 € O for s,r € [0,T]
and P-a.s.. Now, from the weak formulation (3.2) and using the above conclusion, we may
rewrite the equation in the strong form as (see [8, Section 6.3, Remark (ii)])

BY e = [ " Au(e)de + / " P(ul€), v())de + / "o (ul€), v(€))dW ().

S

By Holder inequality, we estimate

o) = )2 < O =) [ 8@ e+ Clr—s) [ 1P (u(€),0(6)) 22 g

+O/O (/:a(u(f),v((f))dW({))2de‘.

We fix s,t € [0,7], and take supremum w.r.t. 7, then take expectation. Using (A3), It6
isometry, Lemma 3.2 (7) and (i7), we infer

E| sup o) = v(s)IE:] < CB[ sup 1Au()lEa| ¢ = )* +C(0 =5 + CE sup [Tu(®)ls] (e~ s)

S ’I"

(B.2)

+CE[ s [o(Ol:] (¢~ 92+ CE[ [ 1+ IV + I(©)2)]

0<t<
<C(t—s).

Proof of (iii). Let r,s € [0,T], and fix p € N. The first part follows as (7). In order to verify
the bound for E[sup,<,<;|[[V[v(r) — v(s)]||22], consider the equation (B.1). By Lemma 3.2,
we have (u,v) € L?(Q; L>°(0, T; H* x H?)). Thus, by (A3), (A4), we can take the gradients
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n (B.1), since it is a closed operator on H!. Then, the terms are well-defined. Proceeding
similarly as part (ii) we get

B s IV00) - o] < C[ [ VAR ae] ¢ - )+ Ca[ [ [VF (i), 0) 2 ae] -

s<r<t

+C]E[/: Ve (u(©), v(©)) |- ] -

By (A4), [ Vo (u(©),v(€)|[ < C2(IVu(€)|2 + [Vo(¢)|2). Then, using Lemma 3.2 (i),
(7i) and (iii), we further estimate

<t -+ CE[ [ (IV©)l + 1T0(©) )] < Ct—9).

Proof of (iv). Let r,s € |
bound for E[sups<r<t |Afv
apply the Laplacian to (B.1

0,7], and fix p € N. The first part follows as (7). To verify the
(r) — v(s)]||#;], consider (B.1). Argue similarly as part (ii) to
) due to (A3), (A4), and proceed similarly to obtain

B s 1) - o] < o[ [ 1atue >||des}<t—s )+ e[ [ [aF(u©), @) et -5

s<r<t

+ 0u] [ a0 (w6, ) 2 ae]

To bound the last two terms requires (A3) to e.g. write o(u(€),v(€)) = o1 (u(§)) +o2(v(€)),
where oy is affine in v. Then, Ao (u(€),v(§)) = Aoy (u(f)) and we can follow the steps of
(A.10)-(A.14) to bound it. Similar techniques may be used to deal with |AF (u(€),v(€))||1..
Lemma, 3.2 then settles the assertion. Thus, the proof is complete. ]
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