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1 INTRODUCTION

1 Introduction

Partial differential equations (PDEs) are used in a wide range of applications, particularly in
natural sciences.
A special class of such equations are surface partial differential equations, which operate on a
two-dimensional surface and arise in many applications such as fluid dynamics [3] or cell biology
[2]. Further applications can be found in [10].
Surface finite elements were first used on the Poisson problem with the Laplace-Beltrami operator
on a curved surface, as in [6]. This has later been extended to parabolic equations on stationary
surfaces, see [9]. Furthermore, in [8] a finite element method on evolving surfaces (ESFEM) has
been developed.
A natural extension of the usual surface PDEs is introduced by coupling the velocity to a PDE
on the surface. The space discretization of two different velocity laws were studied in [16].
By using BDF (backward differential formulae) as a time discretization, [17] then analyses full
discretizations of both velocity laws. The first velocity law studied was a regularized mean
curvature flow, i.e.

v − α∆Γ(X)v + βHΓ(X)νΓ(X) = g(x, t)νΓ(X),

with α > 0, β ≥ 0 fixed parameters and g ∶ R3 × [0, T ] → R smooth. If α = 0 and g ≡ 0 this
corresponds with to the mean curvature flow, for which convergence results for an ESFEM
discretization have been shown in [15].

Furthermore a dynamic velocity law was studied, in the form of

∂●v + v∇Γ(X) ⋅ v − α∆Γ(X)u = f(x, t)νΓ(X),

with α > 0 and f ∶ R3 × [0, T ] → R smooth. In addition, a system that couples both PDEs was
then analyzed. In [17] full discretizations of both velocity laws were studied and optimal order
convergence results were given.

The purpose of this work is to combine the techniques to of [16] that gives an analysis of
the space discretization of the coupled system with the results from [17] to give a complete
convergence analysis of the fully discretized coupled system.

The main theorem of this work has already been formulated in [17], Theorem 8.1, however
without a concrete proof. This thesis gives a proof and in doing so formulates the techniques
used in greater detail. The following work is organized as follows.

In section 2 we describe the Problem and the weak formulation. The notation for ESFEM
is introduced and basic properties are recalled. A polynomial finite element space discretization
of order k > 1 is combined with a linearly implicit BDF time discretization to construct a
numerical scheme. In doing so, a matrix-vector form is formulated which is used not only for the
implementation, but also plays a key role in the stability analysis later.

Section 3 collects auxiliary results from [16] and [17], which are central tools in the convergence
analysis later.

The stability analysis is found in section 4. The errors are estimated in terms of defects by
making use of the matrix-vector formulation and the auxiliary results. Furthermore, multiplier
techniques from [19] were used, therefore the proof is only applicable to BDF methods of order
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2 PROBLEM FORMULATION

p ≤ 5. Geometric estimates do not enter in this part. Three stability equations are derived and
then combined to prepare the convergence result.

Geometric estimates are collected in section 5, which are the necessary tools to later bound
the defects.

Section 6 contains the consistency error analysis, which bounds the defects defined in the
stability analysis. This is the part of the convergence analysis in which the geometry plays a
central role, in the form of the geometric estimates from the section before. The bounds of the
defects then proof convergence together with the results from the stability analysis.

The final section describes the implementation and numerical experiments. The reference
element technique that was used to implement the matrix assembly is described and a simple
class of test functions on an evolving sphere is constructed. Numerical results are presented and
illustrate the convergence results.

2 Problem formulation

In the following section, we recall some definitions and introduce the basic notation for the thesis,
which is taken mainly from [6],[10] and [16] .

2.1 Definition of a surface

We characterize a two-dimensional surface with the help of a distance function d ∶ R3 → R . We
define a surface Γ ⊂ R3 by

Γ = {x ∈ R3 ∣ d(x) = 0}. (2.1)

Generally, we do not need d to be defined on whole R3, but instead choose a subset U ⊂ R3 as
domain for d, which then contains the surface Γ.

2.2 Evolution of surfaces

In the following, we consider an evolving two-dimensional closed surface Γ(t) ⊂ R3 as the image
of a sufficiently smooth map X ∶ Γ0 × [0, T ] → R3 with X(p,0) = p, where Γ0 is a smooth closed
initial surface. We define:

Γ(t) = {X(p, t) ∣ p ∈ Γ0}.

With this definition, X(⋅, t) is the surface at a certain time t, whereas X(p, ⋅) can be imagined
as the trajectory of a single particle p ∈ Γ0 from the initial state. In the following, we mainly use
the notation

Γ(X(⋅, t)) = Γ(t),

to indicate the dependence of X on the surface. When the time is clear from the context we will
omit t and write briefly Γ(X).
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2.3 Evolving surfaces 2 PROBLEM FORMULATION

A real valued function f that operates on an evolving surface is then a function on the space-time
GT , defined by

f ∶ GT = ⋃
t∈[0,T ]

{t} × Γ(X(⋅, t)) → R.

Remark 1. The surface at a given time t is then defined by the image of a function X instead
of a distance function as in section 2.1 . For theoretical reasons it is sometimes useful to have
access to a distance function. For a given surface Γ(X) we can define a signed distance function
by

dX(y) =
⎧⎪⎪⎨⎪⎪⎩

infx∈Γ(X) ∣x − y∣ , for y outside of Γ(X)
− infx∈Γ(X) ∣x − y∣ , otherwise,

where ∣ ⋅ ∣ denotes the euclidian norm, for all y ∈ R3. On a computational level, we only need the
distance function to generate the initial surface and do not use it at any other time.
Without loss of generality we can always assume a distance function to have the above form.

Since the gradient of a distance function in the form of Remark 1 is normalized in a neighborhood
U ⊂ R3 around Γ, we can define the outer normal vector at a point x ∈ Γ by

νΓ(x) = ∇d(x).

Therefore we can define a projection p ∶ U → Γ, that is defined by being the unique solution of

x = p(x) + d(x)νΓ(p(x)), for x ∈ U. (2.2)

For a function f ∶ Γ→ R we define the surface gradient to be

∇Γf = ∇f − (∇f ⋅ νΓ)νΓ,

where ∇f denotes the gradient of an arbitrary extension f̃ ∶ U → R of f ∶ Γ → R. The Laplace–
Beltrami operator is then given by the surface divergence of the surface gradient, i.e.

∆Γf = ∇Γ ⋅ ∇Γf .

2.3 Evolving surfaces

The definition of the surface now allows us to define the velocity v ∶ GT → R3 simply by taking
the derivative of the trajectory of a particle from the initial position, i.e.

v(x, t) = ∂tX(q, t), (2.3)

for a point x = X(q, t) ∈ Γ(X). Given a velocity v ∶ R3 ↦ R3 one can obtain the evolution X of
the surface by solving the ordinary differential equation (ODE) above.
For a function u ∶ GT → R we write the material derivative as
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2.4 Sobolev Spaces 2 PROBLEM FORMULATION

∂●u(x, t) = d
dt
u(X(p, t), t) for x =X(p, t).

Applying the chain rule connects the material derivative with the regular time derivation by

∂●u(x, t) = ∂tu(x, t) + v ⋅ ∇u(x, t),

given these quantities exist. At a point x ∈ Γ(X), to a time t ∈ [0, T ] we also define with
νΓ(X)(x, t) the outer normal, by ∇Γ(X)u(x, t) the surface gradient and with ∆Γ(X)u(x, t), the
Laplace-Beltrami operator applied to u. Furthermore we write ∇Γ(X) ⋅ v(x, t) as the surface
divergence of v.
As in [10] we define the mean curvature by

H = ∇Γ(X) ⋅ νΓ(X).

We use the identity

∆Γ(X)xΓ(X) = −HνΓ(X), (2.4)

from [6], where xΓ(X) ∶ GT → GT denotes the identity map on the surface Γ(X(⋅, t)) at all times
t ∈ [0, T ].

2.4 Sobolev Spaces

We assume Γ(X) to be sufficiently smooth at all times and define, for measurable functions
f ∶Γ(X) → R and a given time t the Sobolev norms

∥f∥p
Lp(Γ(X)) = ∫Γ(X)

∣f ∣pdA for 1 ≤ p < ∞ and

∥f∥L∞(Γ(X)) = ess sup
x∈Γ(X)

∣f(x)∣,

where dA denotes the surface measure. In the following it is always clear by which measure we
integrate and therefore drop it from the notation to increase readability. A basic property of
integrals is Green’s formula, on a closed surface Γ(X) it is given by

−∫
Γ(X)

(∆Γ(X)u)ϕ = ∫
Γ(X)

∇Γu ⋅ ∇Γϕ, (2.5)

for u,ϕ ∶ Γ(X) → R sufficiently smooth, for all expression above to exist. The boundary term
vanishes, since Γ(X) is closed.
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2.5 Leibniz formula 2 PROBLEM FORMULATION

2.5 Leibniz formula

The Leibniz formula is a central tool in the theory of evolving surfaces, details can be found in
[10]. Let u∶Γ(X) × [0, T ] → R a sufficiently smooth function on an evolving surface Γ(X) with
velocity v ∶ ⋃

t∈[0,T ]
Γ(X(⋅, t)) × {t} → R3. It is given by

d
dt ∫Γ(X)

u = ∫
Γ(X)

∂●u + ∫
Γ(X)

u∇Γ(X) ⋅ v. (2.6)

2.6 Coupled PDE with diffusion on the surface

The parabolic surface PDE coupled with a regularised velocity law, described in [16] is given by:

∂●u + u∇Γ(X) ⋅ v −∆Γ(X)u = f(u,∇Γ(X)u), (2.7)

v − α∆Γ(X)v + βHΓ(X)νΓ(X) = g(u,∇Γ(X)u)νΓ(X), (2.8)

∂tX(q, t) = v(X(q, t), t), (2.9)

for all q ∈ Γ0. Here f ∶ R × R3 → R and g ∶ R × R3 → R are given continuously differentiable
functions, α > 0, β ≥ 0 are fixed parameters.

2.7 Weak formulation

Now all the necessary tools are introduced to recall the weak formulation of the above differential
equation, which is given in [16], Section 2. We multiply the surface PDE (2.7) with a test function
ϕ(., t) ∈ H1(Γ(X(., t))) with ∂●ϕ = 0 and the velocity law (2.8) with ψ(., t) ∈ H1(Γ(X(., t)))3.
Integration on both sides then yields:

∫
Γ(X)

∂●uϕ + ∫
Γ(X)

uϕ∇Γ(X) ⋅ v − ∫
Γ(X)

∆Γ(X)uϕ = ∫
Γ(X)

f(u,∇Γ(X)u)ϕ, (2.10)

∫
Γ(X)

v ⋅ ψ − α∫
Γ(X)

∆Γ(X)v ⋅ ψ + ∫
Γ(X)

βHΓ(X)νΓ(X) ⋅ ψ = ∫
Γ(X)

g(u,∇Γ(X)u)νΓ(X) ⋅ ψ, (2.11)

Since we assume ∂●ϕ = 0 we have with the product rule ∂●(uϕ) = (∂●u)ϕ. This merges the first
two summands of (2.10) with the Leibniz formula. Using Green’s formula on the last summand
then yields

d
dt ∫Γ(X)

uϕ + ∫
Γ(X)

∇Γ(X)u ⋅ ∇Γ(X)ϕ = ∫
Γ(X)

f(u,∇Γ(X)u)ϕ, (2.12)

for the weak formulation of the surface PDE.
In the integrated velocity law (2.11) we use the definition of X on the surface (2.4) and then
Green’s formula on both the second and the third term to obtain
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2.8 Finite element spaces 2 PROBLEM FORMULATION

∫
Γ(X)

v ⋅ ψ + α∫
Γ(X)

∇Γ(X)v ⋅ ∇Γ(X)ψ (2.13)

+ β ∫
Γ(X)

∇Γ(X)X ⋅ ∇Γ(X)ψ = ∫
Γ(X)

g(u,∇Γ(X)u)νΓ(X) ⋅ ψ. (2.14)

The complete weak formulation is therefore:

Find u(⋅, t) ∈H1(Γ(X(⋅, t))), v(⋅, t) ∈W 1,∞(Γ(X(⋅, t)))3 and X ∶ Γ0 → R3 such that (2.12),(2.13)
and (2.9) hold for all ϕ ∈H1(Γ(X(⋅, t))), ψ ∈H1(Γ(X(⋅, t)))3.

2.8 Finite element spaces

The spatial discretization we use is given by the surface finite element method, as in [7] and [8].
We use piecewise polynomial basis functions of degree k and simplificial elements as in [5] and
[13]. We triangulate the initial surface Γ0 by a suitable family of triangulations Th where h is
the maximum element diameter defined by

h =maxT ∈Th(diam(T )).

For a fixed h we collect the nodes of the triangulation into a vector x0 = (x0
1, ..., x

0
N) ∈ R3N .

By piecewise polynomial interpolation of degree k this defines an approximate surface Γ0
h that

interpolates Γ0 in the points x0
j . We denote the time dependent nodes by the vector

x(t) = (x1(t), ..., xN(t)) ∈ R3N ,

where xj(t) can be understood as the position of the particle x0
j = xj(0) at a time t.

Under the assumption that xj(t) is close enough to the exact trajectory of the same initial state
x∗,j(t) ∶= X(x0

j , t) the nodal vector x(t) corresponds to an admissible triangulation. Since the
dependence on t is clear and omnipresent we omit the argument when no confusion can arise in
the context.

Given a nodal vector x we define Γh[x] to be the piecewise polynomial surface of order k
that interpolates the nodes collected in x. We define finite element basis functions

φj[x] ∶ Γh(x) → R, j = 1, ...,N,

where the pullback onto the reference triangle is a polynomial of degree k and satisfies

φj[x](xk) = δjk for all j, k = 1, ...,N.

The finite element space on Γh(x) is then given by the span of these functions by

Sh(x) = span{φ1[x], ..., φN [x]}.

For a finite element function uh ∈ Sh(x) the tangential gradient is then defined piecewise.
We now set our approximation of X as
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2.8 Finite element spaces 2 PROBLEM FORMULATION

Xh(qh, t) =
N

∑
j=1

xj(t)φ[x(0)](qh), qh ∈ Γ0
h,

which has the properties

Xh(qk, t) =
N

∑
j=1

xj(t)φj[x(0)](pk) =
N

∑
j=1

xj(t)δjk = xk(t) k = 1, ...,N ,

Xh(qh,0) =
N

∑
j=1

xj(0)φj[x(0)](qh) = qh ∀qh ∈ Γ0
h.

In the first equation we use the property of the basis function in the nodes, the second equation
follows through the definition of triangulation of the initial state Γ0. Furthermore, we define

Γ(Xh(., t)) = Γh(x(t)),
since both evolving surfaces are piecewise polynomial of order k and have the same nodes.
The discrete velocity vh(x, t) ∈ R3 at a point x =Xh(ph, t) is given by

vh(Xh(qh, t), t) = ∂tXh(qh, t).
A key feature of the basis function is given by the transport property

d
dt

(φj[x(t)](Xh(qh, t))) = 0,

for details see [10]. Through integration from 0 to an arbitrary t ∈ [0, T ] this yields
φj[x(t)](Xh(qh, t)) = φj[x(0)](Xh(qh, t)), for all qh ∈ Γ0

h.

From this we can simplify the discrete velocity at a point x = Xh(qh, t) ∈ Γ(Xh(., t)) using the
product rule

vh(x, t) = ∂tXh(qh, t) =
d
dt

N

∑
j=1

xj(t)φ[x(0)](qh) =
d

dt

N

∑
j=1

xj(t)φ[x(t)](Xh(qh, t)) (2.15)

=
N

∑
j=1

ẋj(t)φ[x(t)](Xh(qh, t)) +
N

∑
j=1

xj(t) (
d

dt
φ[x(t)](Xh(qh, t))) (2.16)

=
N

∑
j=1

vj(t)φ[x(t)](Xh(qh, t)), (2.17)

where we denote vj(t) = ẋj(t) and used the integrated transport property for the third inequality
and the original transport property in the last inequality.
The discrete material derivative is defined naturally for a finite element function

uh(x, t) =
N

∑
j=1

uj(t)φ[x(t)](x), for x ∈ Γh(x(t)),

by

∂●huh(x, t) =
d
dt
uh(Xh(qh, t)) for x =Xh(qh, t).

8
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2.9 ESFEM spatial semi-discretization

The finite element spatial semi-discretization is now through the weak formulation restricted
on the finite element spaces. Find the nodal vector x(t) ∈ R3N , the finite element function
uh(., t) ∈ Sh[x(t)] and the finite element function vh(., t) ∈ Sh[x(t)]3 such that, for all φh ∈
Sh[x(t)], ψ ∈ Sh[x(t)]3

d
dt ∫Γh(x)

uhφh + ∫
Γh(x)

∇Γh(x)uh ⋅ ∇Γh(x)φh = ∫
Γh(x)

f(uh,∇Γh(x)uh)φh,

∫
Γh(x)

vh ⋅ ψh + α∫
Γh(x)

∇Γh(x)vh ⋅ ∇Γh(x)ψh

+ β ∫
Γh(x)

∇Γh(x)Xh ⋅ ∇Γh(x)ψh = ∫
Γh(x)

g(uh,∇Γh(x)uh)νΓh[x] ⋅ ψh,

together with the ODE that relates the surface position to its velocity

∂tXh(qh, t) = vh(Xh(qh, t), t), ∀qh ∈ Γ0
h.

The initial values for uh and x are values of the interpolation of the initial surface, i.e.

xj(0) = x0
j , uj(0) = u(x0

j ,0), for j = 1, ...,N.

2.10 Matrix-vector formulation

In the following we collect the coefficients of the basis functions for the Galerkin-approximations
uh, vh in respective nodal vectors u ∈ RN and v ∈ R3N .
With the definition of the basis functions we have

uh =
N

∑
j=1

ujφj[x], for u(xj) = uj ∈ R,

vh =
N

∑
j=1

vjφj[x], for v(xj) = vj ∈ R3.

By using the given basis functions we now define the usual mass and stiffness matrices on the
surface.
Since the surface is determined by the nodes x we denote this dependence as an argument. For
the basis (φj[x] ∈ Sh[x])Nj=1 we then define

M(x)∣jk = ∫
Γh(x)

φj[x]φk[x], ∀j, k = 1, ...,N,

A(x)∣jk = ∫
Γh(x)

∇Γh(x)φj[x] ⋅ ∇Γh(x)φk[x], ∀j, k = 1, ...,N.

Since we have to work with three-dimensional finite element functions like vh and Xh, we need a
notation of the finite element matrices that allows matrix-vector operations on the nodal vectors
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x,v ∈ R3N . This is achieved in an easy way by the tensor notation for matrices. We let therefore

M[3](x) = I3 ⊗M(x) and

A[3](x) = I3 ⊗A(x).
We furthermore define

K(x) = M[3](x) + αA[3](x).

When it is clear from the context we drop the upper index and write M(x) for M[3](x), A(x)
for A[3](x) and ∥⋅∥H1(Γ) for ∥⋅∥H1(Γ)3 and so on. With these matrices we can now formulate a
system of differential-algebraic equations (DAEs) which the nodal vectors u,v and x satisfy.
The matrix–vector formulation, as described in [16], is now given by choosing the finite element
basis as test functions and the linearity of the integrals and reads:

d
dt

(M(x)u) +A(x)u = f(x,u),

K(x)v + βA(x)x = g(x,u),
ẋ = v,

where the right-hand side vectors f(x,u),g(x,u) are given by

f(x,u)∣j = ∫
Γh[x]

f(uh,∇Γh(x)uh)φj[x],

g(x,u)∣3(j−1)+l = ∫
Γh[x]

g(uh,∇Γh(x)uh)(νΓh[x])lφj[x],

for j = 1, ...,N and l = 1,2,3.

2.11 Linearly implicit time discretization

We separate the interval [0, T ] in equidistant tn = nτ ≤ T and write un ∈ RN , xn,vn ∈ R3N for
the approximations of u(tn),x(tn) and v(tn).
For the p-step linearly implicit BDF discretization we use an extrapolation of the old position
vectors xn−j for j = 1, .., p. The extrapolated position vector x̃n is then a linear combination of
old position vectors xn−p, ...,xn−1

x̃n =
p−1

∑
j=0

γjxn−p+j , (2.18)

with γj ∈ R for j = 0, ..., p − 1. In the same way we define an extrapolated value vector ũn and
later extrapolations x̃n∗ and ũn∗ of the exact nodal vectors xn∗ and un∗ .

1

τ

p

∑
j=0

δjM(x̃n−j)un−j +A(x̃n)un = f(x̃n, ũn), (2.19)

K(x̃n)vn + βA(x̃n)xn = g(x̃n, ũn), (2.20)

1

τ

p

∑
j=0

δjxn−j = vn. (2.21)

10



2.11 Linearly implicit time discretization 2 PROBLEM FORMULATION

The coefficients δj ∈ R for j = 0, ..., p and γj ∈ R for j = 0, ..., p−1 are then given by the coefficients
of the polynomials

δ(ζ) =
p

∑
j=0

δjζ
j =

p

∑
j=1

1

j
(1 − ζ)j , γ(ζ) =

p

∑
j=0

γjζ
j = 1 − (1 − ζ)p

ζ
. (2.22)

We draw attention to the fact, that in the discretized scheme of the surface PDE (2.19) appear
mass matrices M(x̃n−j), at extrapolated nodal values even at times where we already have
numerical solutions. This avoids the need to assemble the mass matrix twice for one time step.
While the computational cost is reduced quite a bit by this, since the matrix assembly is the
biggest computational challenge, the accuracy of the method is basically the same.

We have included some numerical tests, that compare numerical solutions that reuse the old
matrices M(x̃n−j) and some that assembly the mass matrices again, once the numerical solution
is obtained (See Figure 7.4).
In the following we recall some notation from [17]. We denote with xn∗ ∈ R3N the exact nodal
vector, with corresponding (exact) velocities vn∗ ∈ R3N and evaluations of u by un∗ ∈ RN , i.e.

x∗(t) = (x∗,j(t))Nj=1 ∈ R3N with x∗,j(t) =X(qj , t). j = 1, ...,N

Naturally, this induces the vector of the exact evaluations of u by

u∗(t) = (u(x∗,j(t)))Nj=1 ∈ RN .

The nodal vector defines a discrete surface Γh(x∗(t)) that interpolates the exact surface Γ(X(., t))
for every t ∈ [0, T ]. We also collect the velocity in a nodal vector

v∗(t) = (v∗,j(t))Nj=1 = ẋ∗(t) ∈ R3N with v∗,j(t) = ẋ∗,j(t), j = 1, ...,N.

The interpolated exact velocity is then given by

v∗,h(t) =
N

∑
j=1

v∗,j(t)φj[x∗(t)].

Vectors at the discrete times tn given through the time discretization are denoted by

xn∗ = x∗(tn), un∗ = u∗(tn) and vn∗ = v∗(tn).
The errors of the numerical solutions at a point in the discrete time scheme are denoted with

enx ∶= xn − xn∗ , enu ∶= un − un∗ and env ∶= vn − vn∗ .

In the same way as in (2.18), we define extrapolated errors of x and u. Furthermmore, we set

ẽnx ∶= x̃n − x̃n∗ =
p−1

∑
j=0

γj(xn−p+j − xn−p+j∗ ) =
p−1

∑
j=0

γjen−p+jx ,

ẽnu ∶= ũn − ũn∗ =
p−1

∑
j=0

γj(un−p+j − un−p+j∗ ) =
p−1

∑
j=0

γjen−p+ju .

We introduce a new notation, that denotes a continuous extrapolated surface that corresponds
to the nodal vector x̃n∗ .

11



2.12 Lifts 2 PROBLEM FORMULATION

2.11.1 A continuous extrapolated surface

Let X∗
h ∶ Γ0

h × [0, T ] → R3 be the time discretized evolution with exact nodal values. Then we
define

X̃∗
h(⋅, t) =

p−1

∑
j=0

γjX
∗
h(⋅, t − (j + 1)τ) , t ∈ [τp, T ].

This discrete surface corresponds, at a given time tn with the nodal vector x̃n∗ , since

X̃∗
h(qi, tn) =

p−1

∑
j=0

γjX
∗
h(qi, tn−j−1) =

p−1

∑
j=0

γj (xn−j−1
∗ )

i
= (x̃n∗)i .

We denote the material derivative on this surface with ∂̃●h. The finite element space and the
corresponding basis functions are defined in the same way as before and are denoted by φ̃j for
j = 1, ...,N . The corresponding velocity to X̃∗

h is denoted by ṽ∗h and fulfills by construction

ṽ∗h(X̃∗
h(ph, tn), tn) =

d
dt
X̃∗
h(ph, tn) =

d
dt

p−1

∑
j=0

γjX
∗
h(ph, tn−j−1) =

p−1

∑
j=0

γj
d
dt
X∗
h(ph, tn−j−1)

=
p−1

∑
j=0

γjvh(X∗
h(ph, tn−j−1), tn−j−1).

2.12 Lifts

For a function ηh ∶ Γh(X∗
h) → R we denote its lift by ηlh ∶ Γ(X) → R and define it, by using the

projection p from (2.2), in the following way:

ηlh(p(x)) = ηh(x), for x ∈ Γh(X∗
h).

The projection is well defined for a neighborhood U ⊂ R3 small enough, which makes the lift,
defined as above, well defined for h small enough.

For a function ηh ∶ Γh(Xh) → R, corresponding to a nodal vector η ∈ RN we write

η̂h =
N

∑
j=0

ηjφj[xn∗]. (2.23)

We use this, to define its lift onto denote its lift onto Γ(X) via the lift of the finite element
function on Γh(X∗

h), i.e.

ηLh = η̂lh.

12
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2.13 Statement of the main result

We are now in the position to formulate our main result, which was formulated in [17].

Theorem 2.1. We consider the linearly implicit full discretization (ESFEM/BDF) (2.19)–(2.21)
of the coupled system (2.7)–(2.9). We use polynomial finite elements of order k ≥ 2 and BDF
methods of order 2 ≤ p ≤ 5. Furthermore, we assume the triangulation Γ0

h of the initial surface Γ0

to be quasi-uniform and admissible. Suppose that the problem has sufficiently smooth solutions
u,X, v, such that the exact evolution X(⋅, t) ∶ Γ0 → Γ(t) is non-degenerate for 0 ≤ t ≤ T and that
its interpolation X∗

h(⋅, t) ∶ Γ0
h admits an admissible triangulation for 0 ≤ t ≤ T . Suppose further,

that the starting values are sufficiently accurate and the mild step size restriction τp−1 ≤ c0h and
the mild mesh size restriction hk−1 ≤ c1τ hold for c0, c1 > 0. Then, there exist h0, τ0 > 0, such that
for h < h0, τ < τ0 the following error bound holds, on the exact surface Γ(X(⋅, tn)), 0 ≤ tn ≤ T :

∥(unh)
L − u(⋅, tn)∥

L2(Γ(tn)3)
+
⎛
⎝
τ

n

∑
j=p

∥(ujh)
L
− u(⋅, tj)∥

2

H1(Γ(tj))3

⎞
⎠

1/2

≤ C(hk + τp), (2.24)

∥(vnh)
L − v(⋅, tn)∥

H1(Γ(tn)3)
≤ C(hk + τp), (2.25)

∥(xnh)
L − xΓ(X)∥

H1(Γ(tn)3)
≤ C(hk + τp). (2.26)

The constant C does not depend on h, τ or n, for nτ ≤ T . It depends on the Lipschitz constants
of the coupling terms f and g, bounds of higher derivatives of the exact solution (u, v,X) and
the length of the time interval T .

Remark 2. The mild restrictions on the step and mesh sizes, as stated in Theorem 2.1, only
enter in the estimation of (4.23). For the rest of the proof it is sufficient to demand Cτp ≤ h.

In the following, C will denote a constant that exists, while γ will denote an arbitrary small
constant. For example:

ab ≤ γa2 +Cb2 (2.27)

reads as: for γ > 0 arbitrary small, there exists a C > 0, such that (2.27) holds for all a, b ∈ R.

3 Auxiliary results

The finite element matrices induce in a natural way discrete versions of the Sobolev norms. Let
w = (wj) ∈ RN be an arbitrary real vector and wh = ∑Nj=1wjφj[x] ∈ Sh(x). We then have

∥w∥2
M(x) ∶= wtM(x)w = ∥wh∥2

L2(Γh[x]) ,

∥w∥2
A(x) ∶= wtA(x)w = ∥∇Γh(x)wh∥

2

L2(Γh[x])
.

One of the main challenges in the stability analysis of ESFEM is the relation of different surfaces.
To overcome this we use an approach where one transforms two surfaces linearly into each other.
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3 AUXILIARY RESULTS

Let x,y ∈ R3N be two nodal vectors, that each define a discrete surface Γh[x] and Γh[y]. We
write e = x − y ∈ R3N . We introduce a parameter θ ∈ [0,1] and consider the intermediate surface
Γθh ∶= Γh(y + θe). On this surface we have a finite element space Sh(y + θe) and therefore, the
finite element function, corresponding to e, is given by

eθh =
N

∑
j=1

ejφj[y + θe]. (3.1)

For an arbitrary vector w ∈ RN we then write

wθh =
N

∑
j=1

wjφj[y + θe].

In the following we collect some technical Lemma from [16], done as such in [17].

Lemma 3.1. Let w,z ∈ RN be arbitrary vectors, with corresponding finite element functions
wh, zh ∈ Sh(Γθh). Then, the following statements hold.

(i) We have

wT (M(x) −M(y))z = ∫
1

0
∫

Γθ
h

wθh(∇Γθ
h
⋅ eθh)zθhdθ,

wT (A(x) −A(y))z = ∫
1

0
∫

Γθ
h

(∇Γθ
h
wθh)(DΓθ

h
eθh)(∇Γθ

h
zθh)dθ,

where we write DΓθ
h
eθh = trace(E)I3 − (E +ET ) with E = ∇Γθ

h
eθh ∈ R3×3.

(ii) If ∥∇Γθ
h
⋅ eθh∥L∞(Γθ

h
)
≤ µ and ∥DΓθ

h
eθh∥L∞(Γθ

h
)
≤ ρ for 0 ≤ θ ≤ 1, then

∥w∥M(y+θe) ≤ eµ/2 ∥w∥M(y) and

∥w∥A(y+θe) ≤ eρ/2 ∥w∥A(y) ∀ 0 ≤ θ ≤ 1.

(iii) If ∥∇Γh[y]e
0
h∥L∞(Γθ

h
) ≤

1

2
then, for 0 ≤ θ ≤ 1

∥∇Γθ
h
wθh∥Lp(Γθ

h
)
≤ Cp ∥∇Γ0

h
w0
h∥Lp(Γ0

h
)

for 1 ≤ p ≤ ∞,

where Cp only depends on p.

(iv) Let yθh ∈ Γθh be defined as yθh = ∑Nj=1(yj + θej)φj[y](qh), for qh ∈ Γh[y].
If ∥∇Γh[y]e

0
h∥L∞(Γθ

h
) ≤

1

2
, then for the corresponding unit normal vectors it follows that

∣νΓθ
h
(yθh) − νΓ0

h
(y0
h)∣ ≤ Cθ∣∇Γ0

h
e0
h(y0

h)∣,

14



3 AUXILIARY RESULTS

with C independent of h and qh ∈ Γh[y]. Furthermore, we have

∣∂●θνΓθ
h
∣ ≤ C ∣∇Γ0

h
e0
h(y0

h)∣. (3.2)

Proof. The proofs can be found in [16]. However, to give an understanding of the structure of
the techniques used, we give a proof of (i).
With the notation above and the fundamental theorem of calculus we see

wT (M(x) −M(y))z = ∫
Γh[x]

w1
hz

1
h − ∫

Γh[y]
w0
hz

0
h = ∫

1

0

d
dθ ∫Γθ

h

wθhz
θ
hdθ.

Now we can use the Leibniz formula from [10], Theorem 5.1, which yields

∫
1

0

d
dθ ∫Γθ

h

wθhz
θ
hdθ = ∫

1

0
∫

Γθ
h

∂●θ(wθhzθh) +wθh(∇Γθ
h
⋅ eθh)zθhdθ

However, the first part of the sum in the integral vanishes, since we obtain with the product rule
and the transport property

∂●θ(wθhzθh) = wθh(∂●θzθh) + zθh(∂●θwθh)

= wθh
⎛
⎝
N

∑
j=1

zj∂
●
θφj[y + θe]

⎞
⎠
+ zθh

⎛
⎝
N

∑
j=1

wj∂
●
θφj[y + θe]

⎞
⎠
= 0.

The second identity is shown in the same way, using formulas from [8] and [12, Lemma 3.1].

In the following we always let Γ(X(., t)), t ∈ [0, T ] be a smoothly evolving family of smooth
closed surfaces. The next result has been shown in [12, Lemma 4.1].

Lemma 3.2. For 0 ≤ s, t ≤ T and arbitrary w,z we have

wT (M(x∗(t)) −M(x∗(s)))z ≤ C(t − s) ∥w∥M(x∗(t)) ∥z∥M(x∗(t)) ,

wT (A(x∗(t)) −A(x∗(s)))z ≤ C(t − s) ∥w∥A(x∗(t)) ∥z∥A(x∗(t)) .

The norms for different times are uniformly equivalent for 0 ≤ s, t ≤ T , i.e.

∥w∥M(x∗(t)) ≤ C ∥w∥M(x∗(s)) , ∥w∥A(x∗(t)) ≤ C ∥w∥A(x∗(s)) ,

where the constant only depends on a bound of the W 1,∞-norm of the surface velocity.

The next Lemma compares the finite element surfaces that are defined by the exact and extrap-
olated nodes.

Lemma 3.3. We denote the nodal vector with the exact nodes to the time tn by xn∗ = x∗(tn).
The extrapolated values are written by x̃n∗ = ∑

p−1
j=0 γjx

n−1−j
∗ . Then we have the following estimates

for all w,z ∈ RN

wT (M(x̃n∗) −M(xn∗))z ≤ Cτp ∥w∥M(xn
∗
) ∥z∥M(xn

∗
)

wT (A(x̃n∗) −A(xn∗))z ≤ Cτp ∥w∥A(xn
∗
) ∥z∥A(xn

∗
) .
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3 AUXILIARY RESULTS

The Lemma above implies a norm equivalence for sufficiently small step sizes τ > 0, between the
extrapolated K(x̃n∗) and the exact K(xn∗) surface norms, i.e.

1

2
∥w∥2

K(xn
∗
) ≤ ∥w∥2

K(x̃n
∗
) ≤

3

2
∥w∥2

K(xn
∗
) . (3.3)

We introduce some further notation regarding difference quotients, by defining

Vn = xn − xn−1

τ
, Vn

∗ =
xn∗ − xn−1

∗
τ

∈ R3N .

This notation is extended to the extrapolated nodal vectors, i.e.

Ṽ
n = x̃n − x̃n−1

τ
, Ṽ

n
∗ =

x̃n∗ − x̃n−1
∗

τ
∈ R3N .

The difference quotients of the position error vectors are denoted with

En
V = Vn −Vn

∗ , Ẽ
n
V = Ṽ

n − Ṽ
n
∗ .

The nodal vector corresponds to a finite element function on discrete surfaces in the usual way.
From [1] we take the identity

ẼnV = ẽ
n
x − ẽn−1

x

τ
= C

n−p
∑
j=0

χj (ẽn−jv + d̃n−jx ) ,

with ∣χj ∣ ≤ ϑj for a constant 0 < ϑ < 1. Here, d̃n−jx denotes the defect corresponding to the
extrapolated nodal vector of the past defects.

In the following, we present a new result, that estimates a discrete differential quotient, which
plays an important role in the stability analysis of the dynamic surface PDE.

Lemma 3.4. Let w,z ∈ RN be arbitrary, xn the numerical approximation of x(tn) and x̃n the
extrapolation of the p past values. Then we have

1

τ
wT (M(x̃n) −M(x̃n−1) − (M(x̃n∗) −M(x̃n−1

∗ )))z

≤ C ∥wh∥L∞(Γh[xn∗ ]) (∥zh∥
2
L2(Γh[xn∗ ]) + γ ∥ẼnV ∥2

H1(Γh[xn∗ ])
+ ∥ẽnx∥

2
H1(Γh[xn∗ ]) + ∥ẽn−1

x ∥2

H1(Γh[xn∗ ])
) ,

for a γ > 0 arbitrary small but constant.

Proof. In the following we introduce an important idea taken from [16] and in this form [17],
that will play an important role here and throughout the stability analysis.
In order to use the auxiliary results from Lemma 3.1 we need to control the W 1,∞ norm of
the position error ẽnx, which is the finite element function corresponding to the nodal vector
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ẽnx = x̃n − x̃n∗ . We assume that (2.26) holds true for p, ..., n−1. Then we use an inverse inequality
and the norm equivalence from (3.3) to obtain

∥∇Γh[x̃n∗ ]ẽ
n
x∥L∞(Γh[x̃n∗ ])

≤ ch−1 ∥∇Γh[x̃n∗ ]ẽ
n
x∥L2(Γh[x̃n∗ ])

≤ ch−1 ∥ẽnx∥K(x̃n
∗
) ≤ ch−1 ∥ẽnx∥K(xn

∗
)

≤ ch−1
p

∑
j=1

∥en−jx ∥K(xn
∗
)

≤ ch−1 ⋅ cγh ≤ cγ,

(3.4)

for γ > 0 arbitrary small, but constant. In view of this result we can use 3.1 (iii) and (iv) for
sufficiently small ϑ.
Let Θ = (θ, ξ), Γθh = Γh[(1 − θ)x̃n + θx̃n−1] and Γθh,∗ = Γh[(1 − θ)x̃n∗ + θx̃n−1

∗ ].
Starting from Lemma 3.1 (i) we obtain

1

τ
wT (M(x̃n) −M(x̃n−1) − (M(x̃n∗) −M(x̃n−1

∗ )))z

= ∫
1

0
∫

Γθ
h

wθhz
θ
h (∇Γθ

h
⋅ X̃

n
h − X̃n−1

h

τ
) − ∫

Γθ
∗,h

wθhz
θ
h

⎛
⎝
∇Γθ

∗,h
⋅
X̃n
∗,h − X̃n−1

∗,h

τ

⎞
⎠
dθ

= ∫
1

0
∫

Γθ
h

wθhz
θ
h (∇Γθ

h
⋅ Ṽ n,θ
h ) − ∫

Γθ
∗,h

wθhz
θ
h (∇Γθ

∗,h
⋅ Ṽ n,θ

∗,h )dθ,

where Ṽ n,θ
h and Ṽ n,θ

∗,h simply denote the difference quotient, corresponding to the nodal vectors
Ṽ
n
and Ṽ

n
∗ .

We now use the fundamental theorem of calculus, similarly to the proof of Lemma 3.1. To
simplify the notation we introduce two new nodal vectors. We choose ỹn,θ = (1 − θ)x̃n + θx̃n−1

and ỹn,θ∗ = (1 − θ)x̃n∗ + θx̃n−1
∗ with an intermediate surface ΓΘ

h = Γh[ξỹn,θ + (1 − ξ)ỹn,θ∗ ]. A finite
element function wΘ

h ∈ SΘ
h [ξỹn,θ + (1 − ξ)ỹn,θ∗ ], characterized by a nodal vector w ∈ RN is then

given by

wΘ
h =

N

∑
j=0

wjφj[ξỹn,θ + (1 − ξ)ỹn,θ∗ ].

Furthermore, we denote

Ṽ Θ,n
h =

N

∑
j=1

((Ṽn
∗)j + ξ (Ẽ

n
V)

j
)φj[ξỹn,θ + (1 − ξ)yn,θ∗ ] = Ṽ Θ,n

∗,h + ξẼΘ,n
V .

17



3 AUXILIARY RESULTS

Now, using the fundamental theorem of calculus with the notation above yields

∫
1

0
∫

Γθ
h

wθhz
θ
h (∇Γθ

h
⋅ Ṽ n,θ
h ) − ∫

Γθ
∗,h

wθhz
θ
h (∇Γθ

∗,h
⋅ Ṽ n,θ

∗,h )dθ (3.5)

= ∫
1

0
∫

1

0
∫

ΓΘ
h

wΘ
h z

Θ
h ∂

●
ξ (∇ΓΘ

h
⋅ Ṽ Θ,n
h )

+ ∫
ΓΘ
h

wΘ
h z

Θ
h (∇ΓΘ

h
⋅ Ṽ Θ,n
h )(∇ΓΘ

∗,h
⋅ ẽΘ,n
y )dθdξ

= ∫
1

0
∫

1

0
∫

ΓΘ
h

wΘ
h z

Θ
h ∂

●
ξ (∇ΓΘ

h
⋅ (Ṽ Θ,n

∗,h + ξẼΘ,n
V )) (3.6)

+ ∫
ΓΘ
h

wΘ
h z

Θ
h (∇ΓΘ

h
⋅ Ṽ Θ,n
h ) (∇ΓΘ

h
⋅ ẽΘ,n
y )dθdξ (3.7)

where the in the last line the usual auxiliary results (Lemma 3.1) and norm equivalences were
used. We use [11, Lemma 2.6], which describes how the surface gradient and the material
derivative commute to obtain

∂●ξ∇ΓΘ
h
⋅ Ṽ Θ,n
h = ∇ΓΘ

h
⋅ ∂●ξ Ṽ

Θ,n
h − (∇ΓΘ

h
⋅ ẽΘ,n
y − νΓΘ

h
(νΓΘ

h
)T (∇ΓΘ

h
ẽΘ,n
y )T )∇ΓΘ

h
⋅ Ṽ Θ,n
h

= ∇ΓΘ
h
⋅ ẼΘ,n

V − (∇ΓΘ
h
⋅ ẽΘ,n
y − νΓΘ

h
(νΓΘ

h
)T (∇ΓΘ

h
⋅ ẽΘ,n
y )T )∇ΓΘ

h
⋅ (Ṽ Θ,n

∗,h + ξẼΘ,n
V ) .

We continue by estimating (3.6) with the Cauchy–Schwartz inequality to obtain

∣∫
1

0
∫

1

0
∫

ΓΘ
h

wΘ
h z

Θ
h ∂

●
ξ (∇ΓΘ

∗,h
⋅ (Ṽ Θ,n

∗,h + ξẼΘ,n
V ))dθdξ∣

≤ ∫
1

0
∫

1

0
∫

ΓΘ
h

∣wΘ
h z

Θ
h ∇ΓΘ

∗,h
⋅ ẼΘ,n

V ∣

+ ∣wΘ
h z

Θ
h (∇ΓΘ

h
ẽΘ,n
y − νΓΘ

h
(νΓΘ

h
)T (∇ΓΘ

h
ẽΘ,n
y )T )∇ΓΘ

h
Ṽ Θ,n
h ∣dθdξ

≤ ∫
1

0
∫

1

0
C ∥wΘ

h ∥
L∞(ΓΘ

h
) ∥z

Θ
h ∥

L2(ΓΘ
h
) ∥Ẽ

Θ,n
V ∥

H1(ΓΘ
h
)

+C ∥wΘ
h ∥

L∞(ΓΘ
h
) ∥z

Θ
h ∥

L2(ΓΘ
h
) ∥ẽ

n,Θ
x + ẽn−1,Θ

x ∥
H1(Γh[xn∗ ])

∥vn,Θ∗ ∥
L∞(ΓΘ

h
)

+C ∥wΘ
h ∥

L∞(ΓΘ
h
) ∥z

Θ
h ∥

L2(ΓΘ
h
) ∥νΓΘ

h
∥

2

L∞(ΓΘ
h
)
∥ẽn,Θx + ẽn−1,Θ

x ∥
W 1,∞(ΓΘ

h
) ∥Ẽ

n,Θ
V ∥

L2(ΓΘ
h
)
dθdξ

Now we intend to use Lemma 3.1 (ii) and (iii) to estimate the norms on the surface ΓΘ
h with

norms solely on Γh[xn∗]. To achieve this we prove that the condition of Lemma 3.1 (iii) is fulfilled.
With Taylor’s theorem and Peano kernels we have

∥∇Γh(X̃∗

h
(tn)) (x̃

∗
h(tn) − x̃∗h(tn−1))∥

L∞(Γh[x̃n∗ ])
≤ Cτ,

where x̃∗h(tn) denotes the finite element function on Γh(X̃∗
h(tn)) that corresponds to the nodal
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vector x̃n∗ . We therefore can use Lemma 3.1(ii) on Γθh,∗ to obtain

∥∇Γθ
h
(ỹn,θ − ỹn,θ∗ )∥

L∞(Γθ
h
)
≤ C ∥∇Γθ

h
((1 − θ)ẽn,θx + θẽn−1,θ

x )∥
L∞(Γθ

h
)

≤ C ∥∇Γθ
h
((1 − θ)ẽn,θx + θẽn−1

x )∥
L∞(Γh[x̃n∗ ])

≤ Cγ,

for γ > 0 arbitrary small but constant. The last inequality is the same as (3.4). Now using
Lemma 3.1 (ii) twice, together with the norm equivalence from Lemma 3.3 yields for (3.6)

∣∫
1

0
∫

1

0
∫

ΓΘ
h

wΘ
h z

Θ
h ∂

●
ξ (∇ΓΘ

∗,h
⋅ (Ṽ Θ,n

∗,h + ξẼΘ,n
V ))dθdξ∣

≤ C ∥wh∥L∞(Γh[xn∗ ]) ∥zh∥L2(Γh[xn∗ ]) ∥Ẽ
n
V ∥

H1(Γh[xn∗ ])

+C ∥wh∥L∞(Γh[xn∗ ]) ∥zh∥L2(Γh[xn∗ ]) ∥ẽ
n
x + ẽn−1

x ∥
H1(Γh[xn∗ ])

∥vn∗∥L∞(Γh[xn∗ ])

+C ∥wh∥L∞(Γh[xn∗ ]) ∥zh∥L2(Γh[xn∗ ]) ∥ẽ
n
x + ẽn−1

x ∥
W 1,∞(Γh[xn∗ ])

∥ẼnV ∥
L2(Γh[xn∗ ])

≤ C ∥wh∥L∞(Γh[xn∗ ]) (∥zh∥
2
L2(Γh[xn∗ ]) + γ ∥ẼnV ∥2

H1(Γh[xn∗ ])
+ ∥ẽnx∥

2
H1(Γh[xn∗ ]) + ∥ẽn−1

x ∥2

H1(Γh[xn∗ ])
) .

We furthermore estimate (3.7) by

∣∫
1

0
∫

1

0
∫

ΓΘ
h

wΘ
h z

Θ
h (∇ΓΘ

h
⋅ V Θ,n
h ) (∇ΓΘ

h
⋅ ẽΘ,n
y )dθdξ∣

≤ C ∥wh∥L∞(Γh[xn∗ ]) ∥zh∥L2(Γh[xn∗ ]) ∥V
n
∗,h∥W 1,∞(Γh[xn∗ ])

∥ẽnx + ẽn−1
x ∥

H1(Γh[xn∗ ])

+C ∥wh∥L∞(Γh[xn∗ ]) ∥zh∥L2(Γh[xn∗ ]) ∥Ẽ
n
V ∥

H1(Γh[xn∗ ])
∥ẽnx + ẽn−1

x ∥
W 1,∞(Γh[xn∗ ])

≤ C ∥wh∥L∞(Γh[xn∗ ]) (γ ∥zh∥2
L2(Γh[xn∗ ]) + γ ∥ẼnV ∥2

H1(Γh[xn∗ ])
+ ∥ẽnx∥

2
H1(Γh[xn∗ ]) + ∥ẽn−1

x ∥2

H1(Γh[xn∗ ])
) .

Combining these results leaves us with

1

τ
wT (M(x̃n) −M(x̃n−1) − (M(x̃n∗) −M(x̃n−1

∗ )))z

≤ C ∥wh∥L∞(Γh[xn∗ ]) (∥zh∥
2
L2(Γh[xn∗ ]) + γ ∥ẼnV ∥2

H1(Γh[xn∗ ])
+ ∥ẽnx∥

2
H1(Γh[xn∗ ]) + ∥ẽn−1

x ∥2

H1(Γh[xn∗ ])
)

4 Stability Analysis

For the stability analysis we introduce defects by plugging in the interpolation of the exact
solution. Here we do not have access to a Ritz projection in a natural way, since the surface
evolution is part of the solution of the system itself.
With the notation above there exist dnu ∈ RN and dnx,d

n
v ∈ R3N such that
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4 STABILITY ANALYSIS

1

τ

p

∑
j=0

δjM(x̃n−j∗ )un−j∗ +A(x̃n∗)un∗ = f(x̃n∗ , ũn∗) +M(xn∗)dnu,

K(x̃n∗)vn∗ + βA(x̃n∗)xn∗ = g(x̃n∗ , ũn∗) +M(xn∗)dnv,
1

τ

p

∑
j=0

δjx
n−j
∗ = vn∗ + dnx.

(4.1)

By subtracting (4.1) from (2.19) and adding multiple zeroes we obtain the first error equation

M(xn∗)
1

τ

p

∑
j=0

δjen−ju +A(xn∗)enu =1

τ

p

∑
j=0

δj(M(xn−j∗ ) −M(xn∗))en−ju

− 1

τ

p

∑
j=0

δj(M(x̃n−j∗ ) −M(xn−j∗ ))en−ju

− 1

τ

p

∑
j=0

δj(M(x̃n−j) −M(x̃n−j∗ ))(un−j∗ + en−ju )

− (A(x̃n∗) −A(xn∗))enu − (A(x̃n) −A(x̃n∗))(un∗ + enu)
+ f(x̃n, ũn) − f(x̃n∗ , ũn∗) −M(xn∗)dnu.

(4.2)

The defects subtracted from the velocity law yields

K(x̃n∗)env + βA(x̃n∗)enx = − (K(x̃n) −K(x̃n∗))env − (K(x̃n) −K(x̃n∗))vn∗
− β(A(x̃n) −A(x̃n∗))enx − β(A(x̃n) −A(x̃n∗))xn∗
+ g(x̃n, ũn) − g(x̃n∗ , ũn∗) −M(xn∗)dnv.

(4.3)

Finally, the defects subtracted from the ODE that connects the velocity to the position of the
surface gives

1

τ

n

∑
j=0

δjen−jx = env − dnx. (4.4)

We need norms to estimate the defects. For the defect d ∈ R3N with the corresponding finite
element function dh ∈ Sh(xn∗)3 we use the dual norm as in [[18]]

∥dh∥H−1
h

(Γh[xn∗ ]) ∶= sup
0≠ψh∈Sh(xn∗ )3

∫Γh(xn∗ ) dh ⋅ ψh
∥ψh∥H1(Γh(xn∗ ))3

= sup
0≠z∈R3N

dTM(xn∗)z
(zTK(xn∗)z)1/2 = sup

0≠w∈R3N

dTM(xn∗)K(xn∗)−1/2w
(wTw)1/2

= ∥K(xn∗)−1/2M(xn∗)d∥
2
= (dTM(xn∗)K(xn∗)−1M(xn∗)d)1/2.
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4.1 Estimates for the velocity law 4 STABILITY ANALYSIS

We then define the norm for the defect vector by

∥d∥2
⋆,xn

∗

∶= ∥dh∥2
H−1
h

(Γh[xn∗ ]) = dTM(xn∗)K(xn∗)−1M(xn∗)d.

Now we conclude energy estimates from the error equations and collect them in the following
proposition.

Proposition 1. Suppose that the defects of the p-step linearly implicit BDF method are bounded
as follows, with a sufficiently small ϑ > 0 independent of h and τ : for n ≥ p, with nτ ≤ T

∥dnv∥⋆,xk
∗

≤ ϑh. (4.5)

We also assume that the initial values fulfill the following error bounds for all k < p

∥ekx∥K(xk
∗
) ≤ ϑh; ∥ekv∥K(xk

∗
) ≤ ϑh; ∥eku∥K(xk

∗
) ≤ ϑh. (4.6)

Then the following error bound holds for n ≥ p such that nτ ≤ T

∥enx∥
2
K(xn

∗
) + ∥env∥

2
K(xn

∗
) +

p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) + τ

n

∑
j=1

∥eju∥
2

A(xj
∗
)

≤ Cτ
n

∑
j=p

(∥djx∥
2

K(xj
∗
) + ∥djv∥

2

∗,xj
∗

+ ∥dju∥
2

∗,xj
∗

) +C
p−1

∑
j=0

(∥ejx∥
2

K(xj
∗
) + ∥eju∥

2

M(xj
∗
)) ,

(4.7)

Proof. The stability result is the main challenge of the convergence analysis. The developed error
equations are tested, rearranged and then the right-hand side is bounded using the auxiliary
results.
The proof is divided into four subsections. In the first three subsections each of the error equations
is analyzed separately. The final subsection then combines the estimates to obtain the stated
result.

4.1 Estimates for the velocity law

In the following we denote with c an arbitrary constant that is not depending on h or τ .
We test (4.3) with env and obtain, after rearranging

(env)TK(x̃n∗)env = − (env)T (K(x̃n) −K(x̃n∗))vn∗ − (env)T (K(x̃n) −K(x̃n∗))env
− β(env)T (A(x̃n) −A(x̃n∗))xn∗ − β(env)T (A(x̃n) −A(x̃n∗))enx
− β(env)TA(x̃n∗)enx + (env)T (g(x̃n, ũn) − g(x̃n∗ , ũn∗)) − (env)TM(xn∗)dnv.

(4.8)

We estimate the left-hand side with Lemma 3.1 from below by

(env)TK(x̃n∗)env = ∥env∥K(x̃n
∗
) ≥

1

2
∥env∥K(xn

∗
) .

For 0 ≤ θ ≤ 1, we denote Γθh=Γh[x̃n∗ + θẽnx] where ẽnx = x̃n − x̃n∗ = ∑p−1
j=0 γje

n−p+j
x , which is the

position error in nodal form.
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4.1 Estimates for the velocity law 4 STABILITY ANALYSIS

All finite element functions on Γθh corresponding to vectors are denoted with a θ as an additional
upper index, as defined in (3.1).
In the following we estimate the addends of the right hand side of 4.8 separately and in order.

(i)We start by using Lemma 3.1, which yields

(env)T (K(x̃n) −K(x̃n∗))vn∗

= ∫
1

0
∫

Γθ
h

en,θv (∇Γθ
h
⋅ ẽn,θx )vn,θ∗ dθ + α∫

1

0
∫

Γθ
h

∇Γθ
h
en,θv (DΓθ

h
ẽn,θx )∇Γθ

h
vn,θ∗ dθ.

Furthermore, we see by the Cauchy–Schwarz inequality

(env)T (K(x̃n) −K(x̃n∗))vn∗ ≤∫
1

0
∥en,θv ∥

L2(Γθ
h
) ∥∇Γθ

h
⋅ ẽn,θx ∥

L2(Γθ
h
)
∥vn,θ∗ ∥

L∞(Γθ
h
)
dθ

+ α∫
1

0
∥∇Γθ

h
en,θv ∥

L2(Γθ
h
)
∥DΓθ

h
ẽn,θx ∥

L2(Γθ
h
)
∥∇Γθ

h
vn,θ∗ ∥

L∞(Γθ
h
)
dθ

≤c∫
1

0
∥en,θv ∥

H1(Γθ
h
) ∥ẽ

n,θ
x ∥

H1(Γθ
h
) ∥v

n,θ
∗ ∥

W 1,∞(Γθ
h
)
dθ.

(4.9)

The outer integral can now be discarded by bounding the integrand with an auxiliary result. We
use Lemma 3.1(iii) to estimate

(env)T (K(x̃n) −K(x̃n∗))vn∗ ≤ c ∥env ∥H1(Γh[x̃n∗ ]) ∥ẽ
n
x∥H1(Γh[x̃n∗ ]) ∥v

n
∗∥W 1,∞(Γh[x̃n∗ ])

≤ c ∥env∥K(x̃n
∗
) ∥ẽnx∥K(x̃n

∗
) (1 + cτ) ∥vn∗∥W 1,∞(Γh[xn∗ ]) ,

(4.10)

where Lemma 3.3 was used to estimate the last term by the exact norm at the time tn.
Note that vn∗ and ∇Γh(x)v

n
∗ are bounded independently from h and τ , since vn∗ is the exact

velocity vector. By using this fact and the norm equivalence from Lemma 3.3 we arrive at

(env)T (K(x̃n) −K(x̃n∗))vn∗ ≤ c ∥env∥K(x̃n
∗
) ∥ẽnx∥K(x̃n

∗
)

≤ c ∥env∥K(xn
∗
) ∥ẽnx∥K(xn

∗
)

≤
p

∑
j=1

c ∥env∥K(xn
∗
) ∥en−jx ∥K(xn

∗
) .

Using Young’s inequality on each summand now yields

(env)T (K(x̃n) −K(x̃n∗))vn∗ ≤
1

24
∥env∥

2
K(xn

∗
) + c

p

∑
j=1

∥en−jx ∥2

K(xn
∗
) .

(ii) Similarly to (4.9), with an L2 −L∞ −L2 estimate, we obtain

(env)T (K(x̃n) −K(x̃n∗))env ≤∫
1

0
∥en,θv ∥

L2(Γθ
h
) ∥∇Γθ

h
⋅ ẽn,θx ∥

L∞(Γθ
h
)
∥en,θv ∥

L2(Γθ
h
) dθ

+ α∫
1

0
∥∇Γθ

h
en,θv ∥

L2(Γθ
h
)
∥DΓθ

h
ẽn,θx ∥

L∞(Γθ
h
)
∥∇Γθ

h
en,θv ∥

L2(Γθ
h
)
dθ

≤c∫
1

0
∥en,θv ∥2

H1(Γθ
h
) ∥ẽ

n,θ
x ∥

H1(Γθ
h
) dθ.
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As before, we use Lemma 3.1 (iii) to bound the integrand using the values at the start of
the transformation of the surface (θ = 0) and then use the norm equivalence from Lemma 3.3.
Together with the inverse estimate (3.4) we now obtain

(env)T (K(x̃n) −K(x̃n∗))env ≤ c ∥env ∥
2
H1(Γh[x̃n∗ ]) ∥ẽ

n
x∥H1(Γh[x̃n∗ ])

≤ cϑ ∥env∥
2
K(x̃n

∗
) ≤

1

24
∥env∥

2
K(xn

∗
) .

The terms (iii) and (iv) are bounded using the same ideas as (i) and (ii).

(iii) Again, with Lemma 3.1 and an L2 −L2 −L∞ estimate, we obtain

(env)T (A(x̃n) −A(x̃n∗))xn∗ = ∫
1

0
∫

Γθ
h

∇Γθ
h
en,θv (DΓθ

h
ẽn,θx )∇Γθ

h
xn,θ∗ dθ

≤ c∫
1

0
∥∇Γθ

h
en,θv ∥

L2(Γθ
h
)
∥DΓθ

h
ẽn,θx ∥

L2(Γθ
h
)
∥∇Γθ

h
xn,θ∗ ∥

L∞(Γθ
h
)
dθ

≤ c ∥env ∥H1(Γh[x̃n∗ ]) ∥ẽ
n
x∥H1(Γh[x̃n∗ ]) ∥x

n
∗∥W 1,∞(Γh[x̃n∗ ]) ,

where the last term is similar to (4.10), since xn∗ is the exact solution, and therefore bounded
independently of h and τ . Using the same steps in the same order then yields as before

(env)T (A(x̃n) −A(x̃n∗))xn∗ ≤
1

48
∥env∥

2
K(xn

∗
) + c

p

∑
j=1

∥en−jx ∥2

K(xn
∗
) .

(iv) Here we again use the inverse estimate (3.4), as in (ii), to control the W 1,∞- error of the
position error ẽnx. The same structure as before with an L2 −L∞ −L2 estimate then yields

(env)T (A(x̃n) −A(x̃n∗))enx = ∫
1

0
∫

Γθ
h

∇Γθ
h
en,θv (DΓθ

h
ẽn,θx )∇Γθ

h
en,θx dθ

≤ c∫
1

0
∥∇Γθ

h
en,θv ∥

L2(Γθ
h
)
∥DΓθ

h
ẽn,θx ∥

L∞(Γθ
h
)
∥∇Γθ

h
en,θx ∥

L2(Γθ
h
)
dθ

≤ c ∥env ∥H1(Γh[x̃n∗ ]) ϑ ∥enx∥H1(Γh[x̃n∗ ])

≤ 1

48
∥env∥

2
K[xn

∗
] + c ∥enx∥

2
K[xn

∗
] .

(v) The Cauchy-Schwarz inequality, combined with Young’s inequality now yield

(env)TA(x̃n∗)enx ≤ c ∥env∥K[x̃n
∗
] ∥enx∥K[x̃n

∗
]

≤ 1

48
∥env∥

2
K[xn

∗
] + c ∥enx∥

2
K[xn

∗
] ,

where we also used the norm equivalence from Lemma 3.3.

23



4.1 Estimates for the velocity law 4 STABILITY ANALYSIS

(vi) The coupling term is the most challenging in this section. We orientate at [16] where the
corresponding term in the semi-discrete case is estimated.
We define an intermediate finite element function of ũnh and ũn∗,h on the surface Γθh = Γh[x̃n∗+θẽnx],
i.e.

ũn,θh ∶=
N

∑
j=1

(ũn∗ + θẽnu)j φj[x̃n∗ + θẽnx] = ũ
n,θ
∗,h + θẽ

n,θ
u ∈ Sh[x̃n∗ + θẽnx].

The transport property then yields

∂●θ ũ
n,θ
h = ẽn,θu . (4.11)

We start in the same way as in the proof of Lemma 3.1 by using a intermediate surface
Γθh = [θx̃n + (1 − θ)x̃n∗], by using the fundamental theorem of calculus. Then we use the Leibniz
formula to obtain

(env)T (g(x̃n, ũn) − g(x̃n∗ , ũn∗)) = ∫
Γh[x̃n]

g(ũn,∇Γh[x̃n]ũ
n)νΓh[x̃n]e

n,θ
v

− ∫
Γh[x̃n∗ ]

g(ũn∗ ,∇Γh[x̃n∗ ]ũ
n)νΓh[x̃n∗ ]e

n,θ
v

= ∫
1

0

d
dθ ∫Γθ

h

g(un,θh ,∇Γθ
h
ũn,θh )νΓθ

h
en,θv dθ

= ∫
1

0
∫

Γθ
h

∂●θ (g(ũ
n,θ
h ,∇Γθ

h
ũn,θh )νΓθ

h
en,θv )

+ (g(ũn,θh ,∇Γθ
h
ũn,θh )νΓθ

h
en,θv (∇Γθ

h
⋅ ẽn,θx )dθ,

where the Leibniz formula was used in the last equality. By the transport property we know that
∂●θe

n,θ
v = 0. Using the product rule twice then yields

(env)T (g(x̃n, ũn) − g(x̃n∗ , ũn∗)) = ∫
1

0
∫

Γθ
h

∂●θ (g(ũ
n,θ
h ,∇Γθ

h
ũn,θh ))νΓθ

h
en,θv (4.12)

+ (g(ũn,θh ,∇Γθ
h
ũn,θh ) (∂●θνΓθ

h
) en,θv (4.13)

+ (g(ũn,θh ,∇Γθ
h
ũn,θh )νΓθ

h
en,θv (∇Γθ

h
⋅ ẽn,θx )dθ. (4.14)

Now, we estimate each of the summands separately.
The estimate of the extrapolated position error ẽnx can be extended to ẽnu by using the exact
same steps as in (3.4). Therefore we obtain, for small enough h, τ ,

∥ẽnu∥W 1,∞ ≤ γ,

where γ > 0 is an arbitrary small constant. The finite element function corresponding to un∗ ∈ RN

is the finite element interpolation (on the exact surface) to u and therefore is arbitrary close to
the exact solution (see [5]), for h, τ small enough.
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Combined with the Lipschitz continuity of g(⋅, ⋅) we therefore obtain

∥g(ũn,θh ,∇Γθ
h
ũn,θh )∥

L∞(Γθ
h
)
≤ C. (4.15)

With the smoothness of g we extend this estimate to the derivatives of , i.e.

∥∂ig(ũn,θh ,∇Γθ
h
ũn,θh )∥

L∞(Γθ
h
)
≤ C. (4.16)

Now, we estimate (4.13) with (3.2) in Lemma 3.1 (iv) to arrive at

∫
1

0
∫

Γθ
h

g(ũn,θh ,∇Γθ
h
ũn,θh ) (∂●θνΓθ

h
) en,θv dθ

≤ c∫
1

0
∥g(ũn,θh ,∇Γθ

h
ũn,θh )∥

L∞(Γθ
h
)
∥∇Γ0

h
ẽ0,n
x ∥

L2(Γ0
h
)
∥en,θv ∥

L2(Γθ
h
) dθ

≤ c∫
1

0
∥ẽ0,n
x ∥

H1(Γ0
h
) ∥e

n,θ
v ∥

H1(Γθ
h
) dθ

≤ c ∥ẽnx∥H1(Γh[x̃n∗ ]) ∥e
n
v ∥H1(Γh[x̃n∗ ])

≤ 1

48
∥env∥

2
K[xn

∗
] + c

p

∑
j=1

∥en−jx ∥2

K[xn
∗
] ,

where the norm equivalence from Lemma 3.3 was used.
In a similar way we use an L∞ −L∞ −L2 −L2 estimate to bound (4.14) by

∫
1

0
∫

Γθ
h

g(ũn,θh ,∇Γθ
h
ũn,θh )νΓθ

h
en,θv (∇Γθ

h
⋅ ẽn,θx )dθ

≤ ∫
1

0
∥g(ũn,θh ,∇Γθ

h
ũn,θh )∥

L∞(Γθ
h
)
∥νΓθ

h
∥
L∞(Γθ

h
)
∥en,θv ∥

L2(Γθ
h
) ∥∇Γθ

h
⋅ ẽn,θx ∥

L2(Γθ
h
)
dθ

≤ c∫
1

0
∥en,θv ∥

H1(Γθ
h
) ∥ẽ

n,θ
x ∥

H1(Γθ
h
) dθ

≤ 1

48
∥env∥

2
K[xn

∗
] + c

p

∑
j=1

∥en−jx ∥2

K[xn
∗
] .

We estimate (4.12) by using the chain rule to obtain

∫
1

0
∫

Γθ
h

∂●θ (g(ũ
n,θ
h ,∇Γθ

h
ũn,θh ))νΓθ

h
en,θv dθ

= ∫
1

0
∫

Γθ
h

(∂1g(ũ
n,θ
h ,∇Γθ

h
ũn,θh )∂●θ ũ

n,θ
h + ∂2(g(ũ

n,θ
h ,∇Γθ

h
ũn,θh )∂●θ (∇Γθ

h
ũn,θh ))νΓθ

h
en,θv dθ

≤ ∫
1

0
∫

Γθ
h

(c∂●θ ũ
n,θ
h + c∂●θ (∇Γθ

h
ũn,θh ))νΓθ

h
en,θv dθ,

where we used (4.16). We take the following identity from [11, Lemma 2.6] :

∂●θ∇Γθ
h
ũn,θh = ∇Γθ

h
∂●θ ũ

n,θ
h − (∇Γθ

h
ẽn,θx − νΓθ

h
(νΓθ

h
)T (∇Γθ

h
ẽn,θx )T )∇Γθ

h
ũn,θh . (4.17)
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Together with (4.11) and the definition of ũn,θh we estimate (4.12) further by

∫
1

0
∫

Γθ
h

∂●θ (g(ũ
n,θ
h ,∇Γθ

h
ũn,θh ))νΓθ

h
en,θv dθ

≤ C ∫
1

0
∫

Γθ
h

(ẽn,θu +∇Γθ
h
ẽn,θu − (∇Γθ

h
ẽn,θx − νΓθ

h
(νΓθ

h
)T (∇Γθ

h
ẽn,θx )T )∇Γθ

h
u∗,θ,nh )νΓθ

h
en,θv

+ (∇Γθ
h
ẽn,θx − νΓθ

h
(νΓθ

h
)T (∇Γθ

h
ẽn,θx )T ) (∇Γθ

h
θẽnu)νΓθ

h
en,θv dθ.

With the triangle inequality it is immediately clear that for 1 ≤ p ≤ ∞

∥∇Γθ
h
ẽn,θx − νΓθ

h
(νΓθ

h
)T (∇Γθ

h
ẽn,θx )T ∥

Lp(Γθ
h
)
≤ ∥∇Γθ

h
ẽn,θx ∥

Lp(Γθ
h
)
+ ∥νΓθ

h
∥

2

L∞(Γθ
h
)
∥∇Γθ

h
ẽn,θx ∥

Lp(Γθ
h
)

≤ c ∥∇Γθ
h
ẽn,θx ∥

Lp(Γθ
h
)
,

since the unit normal vector νΓθ
h
is bounded in the L∞- norm. Multiple L2 −L∞ −L2 estimates

now yield

∫
1

0
∫

Γθ
h

∂●θ (g(ũ
n,θ
h ,∇Γθ

h
ũn,θh ))νΓθ

h
en,θv dθ

≤ c∫
1

0
∥ẽn,θu ∥

L2(Γθ
h
) ∥νΓθ

h
∥
L∞(Γθ

h
)
∥en,θv ∥

L2(Γθ
h
) + ∥∇Γθ

h
ẽn,θu ∥

L2(Γθ
h
)
∥νΓθ

h
∥
L∞(Γθ

h
)
∥en,θv ∥

L2(Γθ
h
)

+ ∥∇Γθ
h
ẽn,θx ∥

L2(Γθ
h
)
∥∇Γθ

h
uθ,n∗,h∥L∞(Γθ

h
)
∥νΓθ

h
∥
L∞(Γθ

h
)
∥en,θv ∥

L2(Γθ
h
)

+ ∥∇Γθ
h
ẽn,θx ∥

L∞(Γθ
h
)
∥∇Γθ

h
θẽn,θu ∥

L2(Γθ
h
)
∥νΓθ

h
∥
L∞(Γθ

h
)
∥en,θv ∥

L2(Γθ
h
) dθ.

We use Lemma 3.1(iii) and the estimate for the position error ẽn,θx to arrive at

∫
1

0
∫

Γθ
h

∂●θ (g(ũ
n,θ
h ,∇Γθ

h
ũn,θh ))νΓθ

h
en,θv dθ

≤ C ∫
1

0
∥ẽn,θu ∥

L2(Γθ
h
) ∥e

n,θ
v ∥

L2(Γθ
h
) + ∥∇Γθ

h
ẽn,θu ∥

L2(Γθ
h
)
∥en,θv ∥

L2(Γθ
h
)

+ ∥∇Γθ
h
ẽn,θx ∥

L2(Γθ
h
)
∥∇Γθ

h
uθ,n∗,h∥L∞(Γθ

h
)
∥en,θv ∥

L2(Γθ
h
) + ∥∇Γθ

h
ẽn,θx ∥

L∞(Γθ
h
)
∥ẽn,θu ∥

H1(Γθ
h
) ∥e

n,θ
v ∥

L2(Γθ
h
) dθ

≤ C ∫
1

0
∥en,θv ∥

L2(Γθ
h
) (∥ẽ

n,θ
u ∥

L2(Γθ
h
) + ∥∇Γθ

h
ẽn,θu ∥

L2(Γθ
h
)
+ ∥∇Γθ

h
ẽn,θx ∥

L2(Γθ
h
)
+ ∥ẽn,θu ∥

H1(Γθ
h
))dθ

≤ C ∥env ∥H1(Γ[x̃n
∗
]) (∥ẽnx∥H1(Γ[x̃n

∗
]) + ∥ẽnu∥H1(Γ[x̃n

∗
]))

≤ 1

48
∥env∥

2
K[xn

∗
] +C

p

∑
j=1

∥en−jx ∥2

K[xn
∗
] +C

p

∑
j=1

∥en−ju ∥2

K[xn
∗
] ,

where the same techniques as before were used to obtain the last bound. The estimates for
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(4.12)-(4.14) therefore yield the following estimate for the coupling term

(env)T (g(x̃n, ũn) − g(x̃n∗ , ũn∗)) ≤
3

48
∥env∥

2
K[xn

∗
] +C

p

∑
j=1

∥en−jx ∥2

K[xn
∗
]

+C
p

∑
j=1

∥en−ju ∥2

K[xn
∗
] .

(4.18)

(vii) The defect term is estimated by using the Cholesky decomposition K(xn∗)1/2, defined by
K(xn∗) = K(xn∗)1/2(K(xn∗)1/2)T and the Cauchy-Schwarz inequality in the following way:

(env)TM(xn∗)dnv = (env)TK(xn∗)1/2K(xn∗)−1/2M(xn∗)dnv
= ((K(xn∗)1/2)Tenv)T (K(xn∗)−1/2M(xn∗)dnv)

≤ ∥(K(xn∗)1/2)Tenv∥
2
∥K(xn∗)−1/2M(xn∗)dnv∥

2

= ∥env∥K(xn
∗
) ∥dnv∥∗,xn

∗

≤ 1

24
∥env∥

2
K(xn

∗
) + c ∥dnv∥

2
∗,xn

∗

.

(4.19)

Combining the terms (i) to (viii) together with the estimate for the left side yield the inequality

1

2
∥env∥

2
K(xn

∗
) ≤

1

24
∥env∥

2
K(xn

∗
) +C

p

∑
j=1

∥en−jx ∥2

K(xn
∗
) (i)

+ 1

24
∥env∥

2
K(xn

∗
) (ii)

+ 1

48
∥env∥

2
K(xn

∗
) +C

p

∑
j=1

∥en−jx ∥2

K(xn
∗
) (iii)

+ 1

48
∥env∥

2
K[xn

∗
] +C ∥enx∥

2
K[xn

∗
] (iv)

+ 1

48
∥env∥

2
K[xn

∗
] +C ∥enx∥

2
K[xn

∗
] (v)

+ 3

48
∥env∥

2
K[xn

∗
] +C

p

∑
j=1

∥en−jx ∥2

K[xn
∗
] +C

p

∑
j=1

∥en−ju ∥2

K[xn
∗
](vi)

+ 1

24
∥env∥

2
K(xn

∗
) +C ∥dnv∥

2
∗,xn

∗

(vii)

≤ 1

4
∥env∥

2
K(xn

∗
) +C ∥enx∥

2
K[xn

∗
]

+C
p

∑
j=1

∥en−jx ∥2

K[xn
∗
] +C

p

∑
j=1

∥en−ju ∥2

K[xn
∗
] +C ∥dnv∥

2
∗,xn

∗

.

Now we absorb the velocity error on the right side and multiply both sides with 4 to obtain

∥env∥
2
K(xn

∗
) ≤ C

⎛
⎝

p

∑
j=0

∥en−jx ∥2

K[xn
∗
] +

p

∑
j=1

∥en−ju ∥2

K[xn
∗
] + ∥dnv∥

2
∗,xn

∗

⎞
⎠
. (4.20)

In the following we recall two results that are essential for the stability results arising from the
surface PDE. The first one is from Dahlquist’s G-theory from [4].
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4.2 Estimates for the surface PDE 4 STABILITY ANALYSIS

Lemma 4.1 (Dahlquist [4]). Let δ(ξ) = ∑pj=1 δjζ
j and µ(ξ) = ∑pj=1 µjζ

j be polynomials of degree
at most p (at least one of them of degree p), that have no common divisor. If

Re
δ(ζ)
µ(ζ) > 0, for ∣ζ ∣ < 1,

then there exists a symmetric positive definite matrix G = (gij) ∈ Rp×p such that for all w0, ...,wp ∈
RN

⟨
p

∑
i=0

δiwp−i,
p

∑
i=0

µiwp−i⟩ ≥
p

∑
i,j=1

gij⟨wi,wj⟩ −
p

∑
i,j=1

gij⟨wi−1,wj−1⟩.

In our case δ(ζ) will be the characteristic polynomial of the BDF methods, defined in (2.22).
For p ≤ 5 the following result from the multiplier technique of Nevanlinna and Odeh [19] and
gives a linear polynomial µ(ζ) that fulfills the conditions for the previous Lemma.

Lemma 4.2 (Nevanlinna & Odeh [19]). If p ≤ 5, then there exists 0 ≤ η < 1 such that for
δ(ζ) = ∑pl=1

1
l (1 − ζ)

l

Re
δ(ζ)

1 − ηζ > 0, for ∣ζ ∣ < 1.

The smallest possible values of η are found to be η = 0,0,0.0836,0.2878,0.8160 for p = 1, ...,5,
respectively.

4.2 Estimates for the surface PDE

We recall the error equation (4.2) from the surface PDE and test it with enu − ηen−1
u , where

η ∈ [0,1) is the coefficient from the multiplier techniques.

(enu − ηen−1
u )TM(xn∗)

1

τ

p

∑
j=0

δjen−ju + (enu − ηen−1
u )TA(xn∗)enu

= 1

τ

p

∑
j=0

δj(enu − ηen−1
u )T (M(xn−j∗ ) −M(xn∗))en−ju (i)

− 1

τ

p

∑
j=0

δj(enu − ηen−1
u )T (M(x̃n−j∗ ) −M(xn−j∗ ))en−ju (ii)

− 1

τ

p

∑
j=0

δj(enu − ηen−1
u )T (M(x̃n−j) −M(x̃n−j∗ ))(un−j∗ + en−ju ) (iii)

− (enu − ηen−1
u )T (A(x̃n∗) −A(xn∗))enu − (enu − ηen−1

u )T (A(x̃n) −A(x̃n∗))(un∗ + enu) (iv)

+ (enu − ηen−1
u )T (f(x̃n, ũn) − f(x̃n∗ , ũn∗)) − (enu − ηen−1

u )TM(xn∗)dnu. (v) + (vi)

In the following we write in short ρn for the right hand side of the error equation, i.e.

28



4.2 Estimates for the surface PDE 4 STABILITY ANALYSIS

(enu − ηen−1
u )TM(xn∗)

1

τ

p

∑
j=0

δjen−ju + (enu − ηen−1
u )TA(xn∗)enu = ρn. (4.21)

4.2.1 Estimation of ρn

Now, we estimate the terms on the right hand side in order. Most terms are bounded with the
same techniques as the terms in Section 4.1 and are therefore only discussed briefly. The main
term to estimate here is (iii), which is achieved by Lemma 3.4.

(i) With Lemma (3.2) and a triangle inequality we estimate the first term with

1

τ

p

∑
j=0

δj(enu − ηen−1
u )T (M(xn−j∗ ) −M(xn∗))en−ju

≤ 1

τ

p

∑
j=0

δjCjτ ∥enu − ηen−1
u ∥M(xn

∗
) ∥e

n−j
u ∥M(xn

∗
)

≤ C
p

∑
j=0

∥enu∥M(xn
∗
) ∥en−ju ∥M(xn

∗
) + ∥en−1

u ∥M(xn
∗
) ∥e

n−j
u ∥M(xn

∗
)

≤ C
p

∑
j=0

∥en−ju ∥2

M(xn−j
∗

) ,

where Young’s inequality and the norm equivalence from (3.2) were used.

(ii) This term is estimated using Lemma 3.3 and the same arguments as before by

1

τ

p

∑
j=0

δj(enu − ηen−1
u )T (M(x̃n−j∗ ) −M(xn−j∗ ))en−ju

≤ Cτp−1
p

∑
j=0

∥enu − ηen−1
u ∥M(xn−j

∗
) ∥e

n−j
u ∥M(xn−j

∗
)

≤ γτp−1 ∥enu∥
2
M(xn

∗
) +Cτp−1

p

∑
j=1

∥en−ju ∥2

M(xn−j
∗

) .
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(iii) This term is the most challenging in this section and makes use of Lemma 3.4 . Using
bounded coefficients µj and the discrete product rule allows us to obtain

(enu − ηen−1
u )T 1

τ

p

∑
j=0

δj(M(x̃n−j) −M(x̃n−j∗ ))un−j∗

=
p−1

∑
j=0

µj

τ
(enu − ηen−1

u )T (M(x̃n−j)un−j∗ −M(x̃n−j−1)un−j−1
∗ − (M(x̃n−j∗ )un−j∗ −M(x̃n−j−1

∗ )un−j−1
∗ ))

=
p−1

∑
j=0

µj(enu − ηen−1
u )T

M(x̃n−j) −M(x̃n−j−1) − (M(x̃n−j∗ ) −M(x̃n−j−1
∗ ))

τ
un−j−1
∗

+
p−1

∑
j=0

µj(enu − ηen−1
u )T (M(x̃n−j) −M(x̃n−j∗ )) un−j∗ − un−j−1

∗
τ

≤ C
p−1

∑
j=0

(∥enu∥
2
L2(Γh[xn∗ ]) + ∥en−1

u ∥2

L2(Γh[xn−1
∗

]) + γ ∥Ẽn−jV ∥
H1(Γh[xn∗ ])

+ ∥ẽn−jx ∥2

H1(Γh[xn−j∗
]))

+
p−1

∑
j=0

∥ẽn−j−1
x ∥2

H1(Γh[xn−j−1
∗

]) +C
p−1

∑
j=0

(∥enu∥L2(Γh[xn∗ ]) + ∥en−1
u ∥

L2(Γh[xn−1
∗

]))

⋅
p−1

∑
j=0

∥ẽn−jx ∥
L2(Γh[xn−j∗

]) ∥
u∗,h(tn−j) − u∗,h(tn−j−1)

τ
∥
L∞(Γh[xn−j∗

])
,

where in the last inequality Lemma 3.4 and the norm equivalence from Lemma 3.3 were used. The
quotient in the last line is the L∞-norm of the normal difference quotient of u∗,h and therefore
bounded independent of h and τ , for τ small enough. This finally leaves us with

(enu − ηen−1
u )T 1

τ

p

∑
j=0

δj(M(x̃n−j) −M(x̃n−j∗ ))un−j∗

≤ C ∥enu∥
2
L2(Γh[xn∗ ]) +C ∥en−1

u ∥2

L2(Γh[xn−1
∗

]) +
2p−1

∑
j=1

γ ∥En−jV ∥
2

H1(Γh[xn−j∗
])
+C ∥en−jx ∥2

H1(Γh[xn−j∗
])

For the second summand of (iii) the stated restrictions on step and mesh size come into play.
Assuming that the error estimate from Theorem 2.1 holds for the past vectors we obtain

∥ejx∥K(xj
∗
) ≤ C(hk + τp) ≤ Cτh, for j = 1, ..., n − 1,

for a constant C > 0 independent of τ and h. This allows us to estimate the W 1,∞-norm of the
extrapolated position error ẽnx stronger than before, with the same structure as in (3.4). With
an inverse estimate we then obtain
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∥∇Γh[x̃n∗ ]ẽ
n
x∥L∞(Γh[x̃n∗ ])

≤ Ch−1 ∥∇Γh[x̃n∗ ]ẽ
n
x∥L2(Γh[x̃n∗ ])

≤ Ch−1 ∥ẽnx∥K(x̃n
∗
) ≤ Ch−1 ∥ẽnx∥K(xn

∗
)

≤ Ch−1
p

∑
j=1

∥en−jx ∥K(xn
∗
)

≤ Ch−1 ⋅Chτ ≤ Cτ.

(4.22)

In the following, we write Γn−j,θh = Γh[x̃n−j∗ + θẽn−jx ]. We use Lemma 3.1 (i) to deduce

(enu − ηen−1
u )T 1

τ

p

∑
j=0

δj(M(x̃n−j) −M(x̃n−j∗ ))en−ju

≤
p

∑
j=0

δj

τ
∫

1

0
∫

Γn−j,θ
h

(en,θu − ηen−1,θ
u ) (∇Γh ⋅ ẽn−j,θx ) en−j,θu dθ

≤
p

∑
j=0

δj

τ
∫

1

0
∥en,θu − ηen−1,θ

u ∥
L2(Γn−j,θ

h
) ∥ẽ

n−j,θ
x ∥

W 1,∞(Γn−j,θ
h

) ∥e
n−j,θ
u ∥

L2(Γn−j,θ
h

) dθ

≤ C
p

∑
j=0

δj

τ
(∥enu∥L2(Γh[x̃n−1

∗
]) + ∥en−1

u ∥
L2(Γh[x̃n−1

∗
])) ∥ẽn−jx ∥

W 1,∞(Γh[x̃n−j∗
]) ∥e

n−j
u ∥

L2(Γh[x̃n−j∗
]) ,

where we used Lemma 3.1 (ii) and (iii) in the last inequality. Now, we use (4.22) to arrive at

C
p

∑
j=0

δj

τ
(∥enu∥L2(Γh[x̃n−1

∗
]) + ∥en−1

u ∥
L2(Γh[x̃n−1

∗
])) ∥ẽn−jx ∥

W 1,∞(Γh[x̃n−j∗
]) ∥e

n−j
u ∥

L2(Γh[x̃n−j∗
]) ,

≤ C
p

∑
j=0

δj (∥enu∥L2(Γh[x̃n−1
∗

]) + ∥en−1
u ∥

L2(Γh[x̃n−1
∗

])) ∥en−ju ∥
L2(Γh[x̃n−j∗

]) ,

≤ C
p

∑
j=0

∥en−ju ∥2

L2(Γh[xn−j∗
]) ,

(4.23)

where in the last line we use Young’s inequality and the fact that the δj are bounded. By using
the definition of the matrix-norms we conclude

(enu − ηen−1
u )T 1

τ

p

∑
j=0

δj(M(x̃n−j) −M(x̃n−j∗ ))en−ju ≤ C
p

∑
j=0

∥en−ju ∥2

M(xn−j
∗

) .

(iv) The first summand of this term is bounded in the same way as before by Lemma 3.3 in the
following way:

(enu − ηen−1
u )T (A(x̃n∗) −A(xn∗))enu

≤ Cτp ∥enu − ηen−1
u ∥A(xn

∗
) ∥e

n
u∥A(xn

∗
)

≤ Cτp (∥en−1
u ∥2

A(xn
∗
) + ∥enu∥

2
A(xn

∗
)) ≤ Cτp (∥en−1

u ∥2

A(xn−1
∗

) + ∥enu∥
2
A(xn

∗
)) .
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Using the exact same techniques as in (4.8) (i), yields with an L2 − L2 − L∞ estimate, for the
second term of (iv)

(enu − ηen−1
u )T (A(x̃n) −A(x̃n∗))un∗

= ∫
1

0
∫

Γθ
h

∇Γθ
h
(en,θu − ηeθ,n−1

u )(DΓθ
h
ẽn,θx )∇Γθ

h
un,θ∗ dθ

≤ ∫
1

0
∥en,θu − ηeθ,n−1

u ∥
H1(Γθ

h
) ∥ẽ

n,θ
x ∥

H1(Γθ
h
) ∥u

n,θ
∗ ∥

W 1,∞(Γθ
h
)
dθ

≤ C ∥enu − ηen−1
u ∥

H1(Γh[x̃n∗ ])
∥ẽnx∥H1(Γh[x̃n∗ ]) ∥u

n
∗∥W 1,∞(Γh[x̃n∗ ])

≤ C (∥enu∥H1(Γh[x̃n∗ ]) + η ∥e
n−1
u ∥

H1(Γh[x̃n∗ ])
)
p−1

∑
j=0

∥en−1−j
x ∥

H1(Γh[x̃n∗ ])

≤ C
⎛
⎝
γ ∥enu∥

2
K(xn

∗
) + γ ∥en−1

u ∥2

K(xn−1
∗

) +
p−1

∑
j=0

∥en−1−j
x ∥2

K(xn−1−j
∗

)
⎞
⎠
.

With the same structure, using a L2 −L∞ −L2 estimate we see,

(enu − ηen−1
u )T (A(x̃n) −A(x̃n∗))enu

≤ γ (∥enu∥
2
K(xn

∗
) + ∥en−1

u ∥2

K(xn−1
∗

)) ,

where we used the W 1,∞ estimate of the position error from (3.4).

The nonlinear term (v) can be estimated exactly like the coupling term before, which was bounded
in (4.18). The only differences are the test function and the fact that the normal vector does not
appear here. However, the missing of the normal vector here only simplifies the computation, all
steps that do not concern with the normal vector can just be repeated in the exact same way to
obtain, for an arbitrary small γ > 0

(enu − ηen−1
u )T (f(x̃n, ũn) − f(x̃n∗ , ũn∗)) ≤ γ

p

∑
j=0

∥en−ju ∥2

K(xn−j
∗

) +C
p

∑
j=0

∥en−jx ∥2

K(xn−j
∗

) .

The defect term arising from du are estimated analogous to the bound of the defect dv, that
was bounded in (4.19). Using the Cauchy-Schwartz inequality, combined with Young’s inequality
yields

(enu − ηen−1
u )TM(xn∗)dnu = (enu − ηen−1

u )TK(xn∗)1/2K(xn∗)−1/2M(xn∗)dnu
= ((K(xn∗)1/2)

T
(enu − ηen−1

u )) ⋅ (K(xn∗)−1/2M(xn∗)dnu)

≤ ∥(K(xn∗)1/2)
T
(enu − ηen−1

u )∥
2
∥K(xn∗)−1/2M(xn∗)dnu∥

2

= ∥enu − ηen−1
u ∥K(xn

∗
) ∥d

n
u∥∗,xn

∗

≤ γ ∥enu∥
2
K(xn

∗
) + γ ∥en−1

u ∥2

K(xn−1
∗

) +C ∥dnu∥
2
∗,xn

∗
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Collecting all the bounds for the summands on the right hand side now gives

ρn ≤ C
p

∑
j=0

∥en−ju ∥2

M(xn−j
∗

) (i)

+ γτp−1 ∥enu∥
2
M(xn

∗
) +Cτp−1

p

∑
j=1

∥en−ju ∥2

M(xn−j
∗

) (ii)

+C ∥enu∥
2
L2(Γh[xn∗ ]) +C ∥en−1

u ∥2

L2(Γh[xn−1
∗

]) (iii)

+
2p−1

∑
j=1

(γ ∥En−jV ∥
2

H1(Γh[xn−j∗
])
+C ∥en−jx ∥2

H1(Γh[xn−j∗
])) +C

p

∑
j=0

∥en−ju ∥2

M(xn−j
∗

)(iii)

+Cτp (∥en−1
u ∥2

A(xn−1
∗

) + ∥enu∥
2
A(xn

∗
)) (iv)

+C
⎛
⎝
γ ∥enu∥

2
K(xn

∗
) + γ ∥en−1

u ∥2

K(xn−1
∗

) +
p−1

∑
j=0

∥en−1−j
x ∥2

K(xn−1−j
∗

)
⎞
⎠

(iv)

+ γ
p

∑
j=0

∥en−ju ∥2

K(xn−j
∗

) +C
p

∑
j=0

∥en−jx ∥2

K(xn−j
∗

) (v)

+ γ ∥enu∥
2
K(xn

∗
) + γ ∥en−1

u ∥2

K(xn−1
∗

) +C ∥dnu∥
2
∗,xn

∗

(vi)

≤ C
p

∑
j=0

∥en−ju ∥2

M(xn−j
∗

) + γ ∥en−ju ∥2

A(xn−j
∗

)

+
2p−1

∑
j=1

(C ∥en−jx ∥2

K(xn−j
∗

) + γ ∥En−jV ∥
2

H1(Γh[xn−j∗
])
) +C ∥dnu∥

2
∗,xn

∗

Adding up the estimate for j = 1, ..., n now yields

n

∑
j=1

ρj ≤ C
n

∑
j=1

(∥eju∥
2

M(xj
∗
) + γ ∥eju∥

2

A(xj
∗
) + ∥ejx∥

2

K(xj
∗
) + γ ∥EjV ∥

2

H1(Γh[xj∗])
+ ∥dju∥

2

∗,xj
∗

)

for an arbitrary small constant γ > 0.
In the following, we estimate differential quotients EjV in terms of velocity errors ejv. The main
tool to achieve this is an identity from [1] which relates both in the following way:

EnV = e
n
x − en−1

x

τ
= C

n−p
∑
j=0

χj (en−jv + dn−jx ) , (4.24)

with ∣χj ∣ ≤ ϑj for a constant 0 < ϑ < 1.
We introduce a new notation to denote Fourier series. In the following we write

ÊV(ξ) =
∞
∑
j=−∞

Ej
Ve

ijξ, êv(ξ) =
∞
∑
j=−∞

(ejv + djx) eijξ, χ̂(ξ) =
∞
∑
j=−∞

χje
ijξ, (4.25)
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where i denotes the imaginary unit. Here the coefficients are meant to be zero for j ∉ {1, ...,N}.
By using coefficient comparison and (4.24) we see

ÊV(ξ) = χ̂(ξ)êv(ξ).

Now we use Lemma 3.2 and Parseval’s theorem to obtain
n

∑
j=0

∥Ej
V∥

2

K(xj
∗
)
≤ C

n

∑
j=0

∥Ej
V∥

2

K(xn
∗
)
=

∞
∑
j=−∞

∥Ej
V∥

2

K(xn
∗
)
= ∫

π

−π
∥ÊV(ξ)∥2

K(xn
∗
) dξ

= ∫
π

−π
∣χ̂(ξ)∣2 ∥êv(ξ)∥2

K(xn
∗
) dξ

≤ max
ξ∈[−π,π]

∣χ̂(ξ)∣2∫
π

−π
∥êv(ξ)∥2

K(xn
∗
) dξ

≤ C
n

∑
j=0

∥ejv∥
2

K(xn
∗
) ≤ C

n

∑
j=0

∥ejv∥
2

K(xj
∗
) ,

(4.26)

where we used again Parseval’s theorem in the last line, combined with the bound of χ̂(ξ). The
last inequality above then follows from Lemma 3.2. This now finally leaves us with

n

∑
j=1

ρj ≤ C
n

∑
j=1

(∥eju∥
2

K(xj
∗
) + ∥ejx∥

2

K(xj
∗
) + γC ∥ejv∥

2

K(xj
∗
) + ∥dju∥

2

∗,xj
∗

) , (4.27)

with an arbitrary small constant γ > 0.

4.2.2 Estimation of the left hand side

We now estimate the term with the stiffness matrix from below using the Cauchy-Schwartz and
Young’s inequalities

(enu − ηen−1
u )TA(xn∗)enu ≥ ∥enu∥

2
A(xn

∗
) − η ∥en−1

u ∥A(xn
∗
) ∥e

n
u∥A(xn

∗
)

≥ ∥enu∥
2
A(xn

∗
) −

1

2
η ∥en−1

u ∥2

A(xn
∗
) −

1

2
η ∥enu∥

2
A(xn

∗
) .

With Lemma 3.2 we obtain

∥en−1
u ∥2

A(xn
∗
) = ∥en−1

u ∥2

A(xn−1
∗

) + ∥en−1
u ∥2

A(xn
∗
) − ∥en−1

u ∥2

A(xn−1
∗

)

= ∥en−1
u ∥2

A(xn−1
∗

) + (en−1
u )T (A(xn∗) −A(xn−1

∗ ))en−1
u

≤ (1 + cτ) ∥en−1
u ∥2

A(xn−1
∗

) .

(4.28)

Using this norm equivalence, combined with the inequality above we conclude

(enu − ηen−1
u )TA(xn∗)enu ≥ (1 − 1

2
η) ∥enu∥

2
A(xn

∗
) − (1

2
η + cτ) ∥en−1

u ∥2

A(xn−1
∗

) .
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For the term with the mass matrix M(xn∗) we use the following notation:

En
u = (en−p+1

u , ...,en−1
u ,enu),

with the past error vectors of u, and the G-generated norm

∣En
u∣2G,xn

∗

=
p

∑
i,j=1

gij(en−p+iu )TM(xn∗)en−p+ju .

This family of matrices Ek
u is extended for k < p by defining error vectors like e−1

u before the
initial time as zero vectors. Since G is positive definite we know that the eigenvalues of G are
real, positive and can be ordered 0 < λ1 ≤ λ2 ≤ ... ≤ λp. Therefore we have the following norm
equivalence

λ1

p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) ≤

p

∑
i,j=1

gij(en−p+iu )TM(xn∗)en−p+ju ≤ λp
p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) . (4.29)

With the definition of the matrix in Lemma 4.1 we now have

(enu − ηen−1
u )TM(xn∗)

p

∑
j=0

δjen−ju ≥
p

∑
i,j=1

gij(en−p+iu )TM(xn∗)en−p+ju

−
p

∑
i,j=1

gij(en−p+i−1
u )TM(xn∗)en−p+j−1

u

= ∣En
u∣2G,xn

∗

− ∣En−1
u ∣2G,xn

∗

.

With the same argument as in (4.28) we see by Lemma 3.2 that

∣En−1
u ∣2G,xn

∗

≤ (1 + cτ)∣En−1
u ∣2G,xn−1

∗

,

Combining both estimates from below for the left-hand side of the error equation (4.21) and
applying the above norm estimate now yields

∣En
u∣2G,xn

∗

− (1 + cτ) ∣En−1
u ∣2G,xn−1

∗

+ τ (1 − 1

2
η) ∥enu∥

2
A(xn

∗
) − τ (1

2
η + cτ) ∥en−1

u ∥2

A(xn−1
∗

) ≤ τρ
n.

We now use this inequality for j = 1, ..., n.
For a short notation let Tn denote the left hand side of the above equation. For small enough
step size 1+ cτ > 0 and therefore we take a weighted sum from the inequalities above to create a
telescope sum, that cancels out the terms containing Ej

u for 0 < j < n. With that we deduce

n

∑
j=1

(1 + cτ)n−jTj ≤ τ
n

∑
j=1

(1 + cτ)n−jρj ≤ τ
n

∑
j=1

ecτ(n−j)ρj ≤ τecτn
n

∑
j=1

ρj .

For the left hand side we obtain by expanding the Tj
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∣En
u∣2G,xn

∗

− (1 + cτ)n∣E0
u∣2G,x0

∗

+ τ(1 − 1

2
η)

n

∑
j=1

(1 + cτ)n−j ∥eju∥
2

A(xj
∗
)

− τ(1

2
η + cτ)

n

∑
j=1

(1 + cτ)n−j ∥ej−1
u ∥2

A(xj−1
∗

)

≥ ∣En
u∣2G,xn

∗

+ τ (1 − 1

2
η) ∥enu∥

2
A(xn

∗
) + τ

n−1

∑
j=1

(1 + cτ)n−j(1 − 1

2
η − (1

2
η + cτ)(1 + cτ)) ∥eju∥

2

A(xj
∗
) ,

where we used an index shift on the right sum to combine both. We now take a look at one of
the factors of the coefficient from the sum above. Multiplying out yields, for an arbitrary small
γ > 0,

1 − 1

2
η − (1

2
η + cτ) (1 + cτ) = 1 − 1

2
η − 1

2
η + cτ − cτ (1

2
η + cτ)

= 1 − η + cτ (1 − 1

2
η − cτ) ≥ 1 − η + cτ ≥ γ,

for a small enough step size τ . We point attention to the fact that 1 − 1

2
η ≥ 1 − 1

2
η(≥ γ) for τ

small enough. This now yields

∣En
u∣2G,xn

∗

+ τ
n

∑
j=1

(1 + cτ)n−jγ ∥eju∥
2

A(xj
∗
) ≤ e

cτn∣E0
u∣2G,x0

∗

+ τecτn
n

∑
j=1

ρj .

Using the norm equivalence from (4.29), multiplying on both sides with a positive factor then
gives for nτ ≤ T

p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) + τ

n

∑
j=1

∥eju∥
2

A(xj
∗
) ≤ C

p−1

∑
j=0

∥eju∥
2

M(xj
∗
) + τC

n

∑
j=1

ρj .

We plug in the estimate (4.27) we obtained for ∑nj=1 ρ
j to arrive at

p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) + τ

n

∑
j=1

∥eju∥
2

A(xj
∗
) ≤ C

p−1

∑
j=0

∥eju∥
2

M(xj
∗
) +Cτ

n

∑
j=1

(∥eju∥
2

M(xj
∗
) + γ ∥eju∥

2

A(xj
∗
) + ∥ejx∥

2

K(xj
∗
))

+Cτ
n

∑
j=1

(γ ∥ejv∥
2

K(xj
∗
) + ∥dju∥

2

∗,xj
∗

) .

We absorb the terms with eju in the A-norm on the right-hand side and then use the Gronwall
inequality to obtain

p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) + τ

n

∑
j=1

∥eju∥
2

A(xj
∗
) ≤ C

p−1

∑
j=0

∥eju∥
2

M(xj
∗
) +Cτ

n−p
∑
j=1

⎛
⎝
∥eju∥

2

M(xj
∗
) + τ

n

∑
j=1

∥eju∥
2

A(xj
∗
)
⎞
⎠

+Cτ
n

∑
j=1

(∥ejx∥
2

K(xj
∗
) + γ ∥ejv∥

2

K(xj
∗
) + ∥dju∥

2

∗,xj
∗

) .
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Gronwall’s inequality now yields

p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) + τ

n

∑
j=1

∥eju∥
2

A(xj
∗
) ≤ Cτ

n

∑
j=1

(∥ejx∥
2

K(xj
∗
) + γ ∥ejv∥

2

K(xj
∗
) + ∥dju∥

2

∗,xj
∗

)

+C
p−1

∑
j=0

∥eju∥
2

M(xj
∗
) .

(4.30)

Now we add up both sides for j = 1, ..., n and multiply it with τ to obtain furthermore

τ
n

∑
j=1

∥eju∥
2

K(xj
∗
) ≤ Cτ

n

∑
j=1

(∥ejx∥
2

K(xj
∗
) + γ ∥ejv∥

2

K(xj
∗
) + ∥dju∥

2

∗,xj
∗

) +C
p−1

∑
j=0

∥eju∥
2

M(xj
∗
) . (4.31)

4.3 Estimates for the ODE

This part of the proof is mainly taken from [17].
We recall the error equation (4.4) and expand the sum by adding δj = 0 for j > p and then write

1

τ

n

∑
j=0

δn−jejx = env − dnx.

Subtracting the first p terms from the left side then yields

n

∑
j=p

δn−jejx = τ(env − d̂x
n), (4.32)

with

d̂x
n = dnx +

1

τ

p−1

∑
j=0

δn−jejx.

We introduce multiple power series as a technical tool. As coefficients we use enx, δn and the
right hand side of (4.32), which then gives three power series denoted by

e(ζ) ∶=
∞
∑
n=p

enxζ
n, δ(ζ) ∶=

∞
∑
n=0

δnζ
n, d(ζ) ∶=

∞
∑
n=p

τ(env − d̂x
n)ζn.

With the Cauchy product of e(ζ) and δ(ζ) and (4.32) we now arrive at

e(ζ)δ(ζ) =
∞
∑
n=p

⎛
⎝
n

∑
j=p

δn−jejx
⎞
⎠
ζn =

∞
∑
n=p

τ (env − d̂x
n) ζn = d(ζ). (4.33)

We further introduce the power series of the inverse δ(ζ). Since all zeros of δ(ζ) are outside of
the unit circle, there are bounded coefficients µn ∈ R, such that
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µ(ζ) ∶=
∞
∑
n=0

µnζ
n = 1

δ(ζ) .

Now (4.33) and again the Cauchy product imply

e(ζ) = e(ζ)δ(ζ)µ(ζ) =
⎛
⎝
∞
∑
n=p

τ(env − d̂x
n⎞
⎠
ζnµ(ζ)

=
∞
∑
n=p

τ
⎛
⎝
n

∑
j=p

µn−j(ejv − d̂x
j)
⎞
⎠
ζn.

A coefficient comparison then yields directly

enx = τ
n

∑
j=p

µn−j(ejv − d̂x
j).

The BDF method is zero-stable for p ≤ 6, therefore all zeros of δ(ζ) are outside the unit circle
except for the simple zero at ζ = 1. Therefore the coefficients of µ(ζ) are bounded for all n ∈ N
by a µn ≤ c ≤ R.
Taking the K(xn∗) norm on both sides now yields

∥enx∥
2
K(xn

∗
) ≤ Cτ

n

∑
j=p

∥ejv − d̂x
j∥

2

K(xn
∗
)

≤ Cτ
n

∑
j=p

∥ejv∥
2

K(xj
∗
) +Cτ

n

∑
j=p

∥djx∥
2

K(xj
∗
) +C

p−1

∑
j=0

∥ejx∥K(xj
∗
) .

(4.34)

4.4 Combination of stability estimates

Here we recall the obtained stability results, transform them using the discrete Gronwall Lemma
and then combine them. We recall estimate from the velocity law (4.20) :

∥env∥
2
K(xn

∗
) ≤ C

⎛
⎝

n

∑
i=n−p

∥eix∥
2

K(xi
∗
) +

p

∑
i=1

∥en−iu ∥2

K(xn−i
∗

) + ∥dnv∥
2
∗,xn

∗

⎞
⎠
. (4.35)

and insert the stability estimate from the ODE (4.34), for i = n − p, ..., n, to obtain

∥env∥
2
K(xn

∗
) ≤ C

n

∑
i=n−p

⎛
⎝
Cτ

i

∑
j=p

∥ejv∥
2

K(xj
∗
) +Cτ

i

∑
j=p

∥djx∥
2

K(xj
∗
) +C

p−1

∑
j=0

∥ejx∥K(xj
∗
)
⎞
⎠

+
p

∑
i=1

∥en−iu ∥2

K(xn−i
∗

) + ∥dnv∥
2
∗,xn

∗

≤ Cτ
n

∑
j=p

∥ejv∥
2

K(xj
∗
) +Cτ

n

∑
j=p

∥djx∥
2

K(xj
∗
)

+C
p−1

∑
j=0

∥ejx∥
2

K(xj
∗
) +C

p

∑
i=1

∥en−iu ∥2

K[xn−i
∗

] +C ∥dnv∥
2
∗,xn

∗

.
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Addition of (4.34) yields

∥env∥
2
K(xn

∗
) + ∥enx∥

2
K(xn

∗
) ≤ Cτ

n

∑
j=p

(∥ejv∥
2

K(xj
∗
) + ∥ejx∥

2

K(xj
∗
)) +Cτ

n

∑
j=p

∥djx∥
2

K(xj
∗
)

+C
p−1

∑
j=0

∥ejx∥
2

K(xj
∗
) +C

p

∑
i=1

∥en−iu ∥2

K[xn−i
∗

] +C ∥dnv∥
2
∗,xn

∗

,

where we added the K(xi∗)-norm of the position errors on the right-hand side, so that we are in the
position of the discrete Gronwall Lemma. For τ < τ0 we can absorb Cτ (∥env∥

2
K(xn

∗
) + ∥enx∥

2
K(xn

∗
))

on the right-hand side. Using the discrete Gronwall inequality then yields

∥env∥
2
K(xn

∗
) + ∥enx∥

2
K(xn

∗
) ≤ Cτ

n−1

∑
k=p

⎛
⎝
τ

k

∑
j=p

∥djx∥
2

K(xj
∗
) +

p−1

∑
j=0

∥ejx∥
2

K(xj
∗
) +

p

∑
i=1

∥ek−iu ∥2

K[xk−i
∗

] + ∥dkv∥
2

∗,xn
∗

⎞
⎠

+Cτ
n

∑
j=p

∥djx∥
2

K(xj
∗
) +C

p−1

∑
j=0

∥ejx∥
2

K(xj
∗
) +C

p

∑
i=1

∥en−iu ∥2

K[xn−i
∗

] +C ∥dnv∥
2
∗,xn

∗

≤ Cτ
n

∑
j=p

∥djx∥
2

K(xj
∗
) +C

p−1

∑
j=0

∥ejx∥
2

K(xj
∗
)

+Cτ
n−1

∑
j=0

∥eju∥
2

K[xj
∗
] +Cτ

n−1

∑
j=p

∥djv∥
2

∗,xj
∗

+C ∥dnv∥
2
∗,xn

∗

,

where we used that eCτn ≤ eCT is bounded independent of h and τ . We insert (4.31), to bound
the errors in u and obtain

∥env∥
2
K(xn

∗
) + ∥enx∥

2
K(xn

∗
) ≤ Cτ

n

∑
j=p

∥djx∥
2

K(xj
∗
) +C

p−1

∑
j=0

∥ejx∥
2

K(xj
∗
) +Cτ

n−1

∑
j=p

∥djv∥
2

∗,xj
∗

+C ∥dnv∥
2
∗,xn

∗

+Cτ
n−1

∑
j=1

(∥ejx∥
2

K(xj
∗
) + ∥ejv∥

2

K(xj
∗
) + ∥dju∥

2

∗,xj
∗

) +C
p−1

∑
j=0

∥eju∥
2

M(xj
∗
)

We use Gronwall’s inequality again to arrive at

∥env∥
2
K(xn

∗
) + ∥enx∥

2
K(xn

∗
) ≤ Cτ

n

∑
j=p

(∥djx∥
2

K(xj
∗
) + ∥djv∥

2

∗,xj
∗

+ ∥dju∥
2

∗,xj
∗

)

+C
p−1

∑
j=0

(∥ejx∥
2

K(xj
∗
) + ∥eju∥

2

M(xj
∗
))

(4.36)

We now use the estimates above and insert them into (4.30) to obtain

p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) + τ

n

∑
j=1

∥eju∥
2

A(xj
∗
) ≤ Cτ

n

∑
j=p

(∥djx∥
2

K(xj
∗
) + ∥djv∥

2

∗,xj
∗

+ ∥dju∥
2

∗,xj
∗

)

+C
p−1

∑
j=0

(∥ejx∥
2

K(xj
∗
) + ∥eju∥

2

M(xj
∗
)) .

(4.37)
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Summation of the stability estimates (4.36) and (4.37) finally allows us to conclude

∥enx∥
2
K(xn

∗
) + ∥env∥

2
K(xn

∗
) +

p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) + τ

n

∑
j=1

∥eju∥
2

A(xj
∗
)

≤ Cτ
n

∑
j=p

(∥djx∥
2

K(xj
∗
) + ∥djv∥

2

∗,xj
∗

+ ∥dju∥
2

∗,xj
∗

) +C
p−1

∑
j=0

(∥ejx∥
2

K(xj
∗
) + ∥eju∥

2

M(xj
∗
)) ,

which is the stated result.

5 Geometric estimates

In this section we collect results that will allow us to estimate the consistency errors. Now the
geometry, that did not enter in the stability analysis, will enter into the estimation of the bounds
of the defects (4.1).

Remark 3. In the following, if used as an integrand, we write ∇Γ for the surface gradient of the
exact surface and ∇Γh for the piecewise surface gradient on a discrete surface. It is then clear by
the domain of the integral which surface is meant by the gradient. The same convention is used
for the exact and discrete normal vectors νΓ(X) and νΓh(Xh).

5.1 Approximation results

Since we compare functions on different surfaces, we need to make sure that the lifting process
of a function does not create an error that decreases the order of convergence. However, this is
guaranteed by a result from [6] and [5].
We collect norm equivalences of the lift in the following Lemma.

Lemma 5.1. Let ηh and its lift be as before. Then the Lp- and W 1,p-norms on the discrete
and continuous surfaces are equivalent for 1 ≤ p ≤ ∞, uniformly in the mesh size h ≤ h0 (for
sufficiently small h0 > 0) and in t ∈ [0, T ].

As a special case of the above Lemma for the spaces L2(Γ(X)) and H1(Γ(X)) there is a constant
C, for h ≤ h0 and t ∈ [0, T ], such that

C−1 ∥ηh∥L2(Γh(X∗

h
)) ≤ ∥ηlh∥L2(Γ(X)) ≤ C ∥ηh∥L2(Γh(X∗

h
)) ,

C−1 ∥ηh∥H1(Γh(X∗

h
)) ≤ ∥ηlh∥H1(Γ(X)) ≤ C ∥ηh∥H1(Γh(X∗

h
)) .

In the next Lemma from [20], the distance function and the difference of the normal vectors on
the discrete and continuous surfaces are estimated.

Lemma 5.2. Let Γ(X(., t)) and Γh(X∗
h(., t)) be as before. Then, for h < h0 the following

estimates hold:

∥d∥L∞(Γh(X∗

h
)) ≤ Chk+1, ∥νΓ(X) − νlΓh(X∗

h
)∥L∞(Γ(X))

≤ Chk,

with constants C > 0 independent of h < h0 and t ∈ [0, T ].
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5.2 Bilinear Forms

As in the literature, we define bilinear forms (e.g. see [16]) on the Sobolev spaces and the finite
element spaces as in [7]. We denote again the exact surface with Γ(X), the interpolated surface
with Γ(X∗

h) and the exact and discrete velocities with v and v∗h. Let z,ϕ ∈ H1(Γ(X)), and
Zh, φh ∈ Sh(Γh((X∗

h))). Then we define on the exact surface Γ(X)

m(X; z,ϕ) = ∫
Γ(X)

zϕ, m(X∗
h ;Zh, φh) = ∫

Γ(X∗

h
)
Zhφh,

a(X; z,ϕ) = ∫
Γ(X)

∇Γz ⋅ ∇Γϕ, a(X∗
h ;Zh, φh) = ∫

Γ(X∗

h
)
∇ΓhZh ⋅ ∇Γhφh,

q(X; v; z,ϕ) = ∫
Γ(X)

(∇Γ ⋅ v)zϕ, q(X∗
h ; v∗h;Zh, φh) = ∫

Γ(X∗

h
)
(∇Γh ⋅ v∗h)Zhφh.

5.3 Interpolations

For a function u ∶ GT → R we define its finite element interpolation Ĩhu ∈ Sh[xn∗] by

Ĩhu =
N

∑
j=1

ujφ[xn∗],

where the uj are the elements of the nodal vector u ∈ RN , which we recall as

uj(t) = u(X(qj , t)).

The interpolation of three dimensional functions v ∶ GT → R3 is defined in the same way.

Remark 4. Since the nodal vector is used to define the interpolation, we can immediately expand
the definition to an arbitrary discrete surface. In this case, we define, if x is a nodal vector

Ĩhu[x] =
N

∑
j=1

ujφj[x].

Since, in the following, it is always clear from the context on what domain the function is, we
drop the nodal vector x as an argument.
In other words, Ĩhu denotes the finite element function that corresponds to the nodal vector u,
on an arbitrary discrete surface corresponding to a nodal vector x.

We define, as an approximation to u on the exact surface Γ(X),

Ihu = (Ĩhu)l.

For the further consistency analysis we need to control the interpolation error of functions on
surfaces. The following result is given by [7, Proposition 2.7].

Lemma 5.3. There exists a constant c > 0 independent of h < h0, with a sufficiently small h0 > 0,
and t such that for u(⋅, t) ∈Hk+1(Γ(t)), for t ∈ [0, T ],

∥u − Ihu∥L2(Γ(X)) ≤ chk+1 ∥u∥Hk+1(Γ(X)) ,

∥∇Γ(u − Ihu)∥L2(Γ(X)) ≤ chk ∥u∥Hk+1(Γ(X)) .
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As done in [7] we define a discrete velocity of the exact surface. We define v̂h ∶ GT → R3 by

v̂h((X∗
h)l(⋅, t), t) =

d
dt

(X∗
h)l(⋅, t).

This yields a discrete material derivative for functions that operate on the exact surface Γ(X),
which we define by

∂̂●hu(x, t) = ∂tu(x, t) + ∇u(x, t) ⋅ v̂h(x, t), for x ∈ Γ(X), t ∈ [0, T ], (5.1)

provided the quantities on the right-hand side exist. Together with the interpolation error this
immediately yields, as in Corollary 5.7 in [7]

∥∂●u(x, t) − ∂̂●hu(x, t)∥L2(Γ(X)) = ∥∇u ⋅ (v̂h − v)∥L2(Γ(X)) (5.2)

≤ C ∥u∥H1(Γ(X)) (∥v̂h − Ĩhv∥L2(Γ(X)) + ∥Ĩhv − v∥L2(Γ(X))) (5.3)

≤ Chk+1 ∥u∥H1(Γ(X)) ∥v∥L2(Γ(X)) (5.4)

We recall geometric estimates from [13, Lemma 5.6], that are essential for the consistency analysis
later.

Lemma 5.4. (Geometric estimates)
Let X be a surface and x∗ a nodal vector with exact nodal values such that Γh(x) is a piecewise
polynomial discretization of order k of Γ(X) as before. For arbitrary Zh, ϕh ∈ Sh(x∗) we then
have for h ≤ h0, with h0 > 0 sufficiently small

∣m(X;Z lh, ϕ
l
h) −m(x∗;Zh, ϕh)∣ ≤ chk+1 ∥Z lh∥L2(Γ(X)) ∥ϕ

l
h∥L2(Γ(X)) (5.5)

∣a(X;Z lh, ϕ
l
h) − a(x∗;Zh, ϕh)∣ ≤ chk+1 ∥∇ΓhZ

l
h∥L2(Γ(X)) ∥∇Γhϕ

l
h∥L2(Γ(X)) (5.6)

∣q(X; v̂h;Z lh, ϕ
l
h) − q(x∗; v∗h;Zh, ϕh)∣ ≤ chk+1 ∥Z lh∥L2(Γ(X)) ∥ϕ

l
h∥L2(Γ(X)) . (5.7)

The constant c on the right hand side is not depending on h.

6 Defect bounds

Now we have all the necessary tools to estimate the defects defined in (4.1).
A combination with the stability result (4.7) will then allow us to obtain the full convergence
result. We formulate the defect bounds in the following Lemma.

Lemma 6.1. Consider the full discretized problem (2.19-2.21) with the conditions conditions of
Theorem 2.1. Then there exist h0, τ0 > 0, such that for all h < h0, τ < τ0 the following consistency
result holds

∥dnu∥⋆,xn
∗

= ∥dnu∥H−1
h

(Γh[xn∗ ]) ≤ C(τp + hk),

∥dnv∥⋆,xn
∗

= ∥dnv ∥H−1
h

(Γh[xn∗ ]) ≤ C(τp + hk),
∥dnx∥K(xn

∗
) = ∥dnx∥H1(Γh[xn∗ ]) ≤ Cτ

p.

Proof. All finite element functions ψh ∈ (Sh[xn∗])3 have exactly one corresponding ψ̄h ∈ Sh[x̃n∗]
with the same nodal vector. We therefore drop the bar above and instead always write ψh, which
is then the finite element function on the same domain as the integral.
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6.1 Defect of v

By definition of the defects (4.1) we know that the corresponding finite element function dnv ∈
Sh[x̃n∗] fulfills the following problem:
For all finite element functions ψh ∈ (Sh[xn∗])3 we have

m(X∗
h(tn);dnv , ψh) =m(X̃∗

h(tn); Ĩhv(⋅, tn), ψh) + αa(X̃∗
h(tn); Ĩhv(⋅, tn), ψh)

+ βa(X̃∗
h(tn); ĨhX(⋅, tn), ψh) −m(X̃∗

h(tn); g(Ĩhu,∇Γh Ĩhu)νΓh , ψh)

Consider in comparison the rearranged weak form (2.13) at the time tn

0 = −m(X(tn); v(⋅, tn), ψlh) − αa(X(tn); v(⋅, tn), ψlh)
−βa(X(tn);X(⋅, tn), ψlh) +m(X(tn); g(u,∇Γhu)νΓ, ψ

l
h).

Naturally every summand on the right-hand side of both equations has a corresponding term on
the other equation. We add both of those equations and rewrite the differences of each of those
terms. This allows us to obtain

m(X∗
h(tn);dnv , ψh) =m(X̃∗

h(tn); Ĩhv(⋅, tn), ψh) −m(X(tn); v(⋅, tn), ψlh)
+ αa(X̃∗

h(tn); Ĩhv(⋅, tn), ψh) − αa(X(tn); v(⋅, tn), ψlh)
+ βa(X̃∗

h(tn); ĨhX(⋅, tn), ψh) − βa(X(tn);X(⋅, tn), ψlh)
−m(X̃∗

h(tn); g(Ĩhu,∇Γh Ĩhu)νΓh , ψh) +m(X(tn); g(u,∇Γhu)νΓ, ψ
l
h).

Now we want to separate the defect into a purely spatial part which was estimated in [16] and
a part depending on the extrapolation. This now yields for the first summands

m(X̃∗
h(tn); Ĩhv(⋅, tn), ψh) −m(X(tn); v(⋅, tn), ψlh)

=m(X̃∗
h(tn); Ĩhv(⋅, tn), ψh) −m(X∗

h(tn); Ĩhv(⋅, tn), ψh)
+m(X∗

h(tn); Ĩhv(⋅, tn), ψh) −m(X(tn); v(⋅, tn), ψlh).

Adding such intermediate terms for all summands and using the defect dh,v from Section 8 of
[16], which collects all purely spatial terms from above we obtain

m(X∗
h(tn);dnv , ψ) =m(X̃∗

h(tn); Ĩhv(⋅, tn), ψh) −m(X∗
h(tn); Ĩhv(⋅, tn), ψh)

+ α(a(X̃∗
h(tn); Ĩhv(⋅, tn), ψh) − a(X∗

h(tn); Ĩhv(⋅, tn), ψh))
+ β(a(X̃∗

h(tn); ĨhX(⋅, tn), ψh) − a(X∗
h(tn); ĨhX(⋅, tn), ψh))

−m(X̃∗
h(tn); g(Ĩhu,∇Γh Ĩhu)νΓh , ψh) +m(X∗

h(tn); g(Ĩhu,∇Γh Ĩhu)νΓh , ψh)
(6.1)

+m(X∗
h(tn);dh,v(⋅, tn), ψh). (6.2)

Now we estimate the spatial defect (6.2) in the last line and the other terms separately. We start
with the time related parts (6.1).
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6.1.1 Time related defect of v

Now we return to the estimates of the time related parts of the defect. We start with the right
hand side of the first line of (6.1) and use, a similar argument as in Lemma 3.1. With an
intermediate surface Γθh = Γ[xn∗ +θ(x̃n∗ −xn∗)] and the fundamental theorem of calculus we obtain

∣m(X̃∗
h(tn); Ĩhv(⋅, tn), ψh) −m(X∗

h(tn); Ĩhv(⋅, tn), ψh)∣

= ∣∫
1

0
∫

Γθ
h

ψθh(∇Γθ
h
⋅ ẽn,θx )vn,θ∗,hdθ∣

≤ ∫
1

0
∥ψθh∥L2(Γθ

h
) ∥∇Γθ

h
⋅ ẽn,θx ∥

L2(Γθ
h
)
∥vn,θ∗,h∥L∞(Γθ

h
)
dθ,

where we used an L2 −L2 −L∞ estimate in the last step. Then with Lemma 3.1 and the triangle
inequality we deduce

∫
1

0
∥ψθh∥L2(Γθ

h
) ∥∇Γθ

h
⋅ ẽn,θx ∥

L2(Γθ
h
)
∥vn,θ∗,h∥L∞(Γθ

h
)
dθ

≤ ∥ψ0
h∥L2(Γ0

h
) ∥ẽ

n,0
x ∥

H1(Γ0
h
) ∥v

n,0
∗,h∥L∞(Γ0

h
)

≤ c ∥ψh∥L2(Γh[xn∗ ]) ∥ẽ
n
x∥H1(Γh[xn∗ ])

⋅ (∥v∗(⋅, tn)∥L∞(Γh[xn∗ ]) + ∥v∗,h(⋅, tn) − v∗(⋅, tn)∥L∞(Γh[xn∗ ])
) .

The v∗(⋅, tn) is to be understood as the exact velocity on the exact surface lifted on the discrete
surface with exact nodes Γh(X∗

h(tn)). However, since the lift does not change the values in the
nodes it is clear that v∗,h and v∗ coincide in the nodes xn∗ . We use an interpolation estimate ([5]
Proposition 2.7) for the last term to obtain

∣m(X̃∗
h(tn); Ĩhv(⋅, tn), ψh) −m(X∗

h(tn); Ĩhv(⋅, tn), ψh)∣
≤ C ∥ψh∥L2(Γh[xn∗ ]) ∥ẽ

n
x∥H1(Γh[xn∗ ]) (1 + ch

2) ∥v∗(⋅, tn)∥W q,∞(Γh[xn∗ ])

≤ C ∥x̃n∗ − xn∗∥K(xn
∗
) ∥ψh∥L2(Γh[xn∗ ])

≤ Cτp ∥ψh∥L2(Γh[xn∗ ]) .

The other terms of (6.1) are all estimated in the same way, the calculations and the corresponding
estimates are the rest of this section.
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The second line of (6.1) is again estimated by Lemma 3.1 to get with an L∞ −L2 −L2 estimate

∣a(X̃∗
h(tn); Ĩhv(⋅, tn), ψh) − a(X∗

h(tn); Ĩhv(⋅, tn), ψh)∣

= ∣∫
1

0
∫

Γθ
h

(∇Γθ
h
vn,θ∗,h)(DΓθ

h
ẽn,θh )(∇Γθ

h
ψθh)dθ∣

≤ ∫
1

0
∥∇Γθ

h
vn,θ∗,h∥L∞(Γθ

h
)
∥DΓθ

h
ẽn,θx ∥

L2(Γθ
h
)
∥∇Γθ

h
ψθh∥L2(Γθ

h
)
dθ

≤ C (∥∇Γθ
h
vn,0∗,h∥L∞(Γ0

h
)
∥DΓ0

h
ẽn,0x ∥

L2(Γ0
h
)
∥∇Γθ

h
ψ0
h∥L2(Γ0

h
)
)

≤ C (∥vn∗,h∥W 1,∞(Γ[xn
∗
]) ∥ẽ

n
x∥H1(Γ[xn

∗
]) ∥ψh∥H1(Γ[xn

∗
]))

≤ C ∥x̃n∗ − xn∗∥K(xn
∗
) ∥ψh∥H1(Γh[xn∗ ])

≤ Cτp ∥ψh∥H1(Γh[xn∗ ]) ,

where we used the same steps as in the term before. The estimate in the last step is estimated
with Taylor’s theorem, see [1].
The last term of the time related defect is bounded by

∣m(X̃∗
h(tn); g(Ĩhu,∇Γh Ĩhu)νΓh , ψh) −m(X∗

h(tn); g(Ĩhu,∇Γh Ĩhu)νΓh , ψh)∣
≤ ∣m(X̃∗

h(tn); g(Ĩhu,∇Γh Ĩhu)νΓh − Ĩh(g(Ĩhu,∇Γh Ĩhu)νΓh), ψh)∣
+ ∣m(X̃∗

h(tn); Ĩh(g(Ĩhu,∇Γh Ĩhu)νΓh), ψh) −m(X∗
h(tn); Ĩh(g(Ĩhu,∇Γh Ĩhu)νΓh), ψh)∣

+ ∣m(X∗
h(tn); Ĩh(g(Ĩhu,∇Γh Ĩhu)νΓh) − g(Ĩhu,∇Γh Ĩhu)νΓh , ψh)∣

≤ Chk ∥ϕh∥L2(Γ[xn
∗
])

+ ∣m(X̃∗
h(tn); Ĩh(g(Ĩhu,∇Γh Ĩhu)νΓh), ψh) −m(X∗

h(tn); Ĩh(g(Ĩhu,∇Γh Ĩhu)νΓh), ψh)∣
+Chk ∥ϕh∥L2(Γ[xn

∗
]) ,

where we used Cauchy Schwartz and an interpolation error estimate in the last inequality. Since
both finite element functions coincide in the last remaining summand, we are in the position to
use Lemma 3.3, which yields

∣m(X̃∗
h(tn); Ĩh(g(Ĩhu,∇Γh Ĩhu)νΓh), ψh) −m(X∗

h(tn); Ĩh(g(Ĩhu,∇Γh Ĩhu)νΓh), ψh)∣
≤ Cτp ∥ψh∥M(xn

∗
) .

6.1.2 Spatial defect of v

For the spatial term we obtain

m(X∗
h(tn);dh,v(⋅, tn), ψh) =m(X∗

h(tn); Ĩhv(⋅, tn), ψh) −m(X(tn); v(⋅, tn), ψlh)
+ α(a(X∗

h(tn); Ĩhv(⋅, tn), ψh) − a(X(tn); v(⋅, tn), ψlh))
+ β(a(X∗

h(tn); ĨhX(⋅, tn), ψh) − a(X(tn);X(⋅, tn), ψlh))
−m(X∗

h(tn); g(Ĩhu,∇Γh Ĩhu)νΓh , ψh) +m(X(tn); g(u,∇Γu)νΓ, ψ
l
h).
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These pairs are now bounded pairwise. For the first difference we obtain, by using Lemma (5.4)
and the Cauchy-Schwartz inequality

∣m(X∗
h(tn); Ĩhv(⋅, tn), ψh) −m(X(tn); v(⋅, tn), ψlh)∣

≤ ∣m(X∗
h(tn); Ĩhv(⋅, tn), ψh) −m(X(tn); Ihv(⋅, tn), ψlh)∣

+ ∣m(X(tn); Ihv(⋅, tn) − v(⋅, tn), ψlh)∣
≤ chk+1 ∥ψlh∥L2(Γ(X)) ∥v(⋅, tn)∥L2(Γ(X)) .

For the estimation of the second summand we use the interpolation bound from Lemma 5.3. We
estimate the second difference with the exact same techniques by

∣a(X∗
h(tn); Ĩhv(⋅, tn), ψh) − a(X(tn); v(⋅, tn), ψlh)∣

≤ ∣a(X∗
h(tn); Ĩhv(⋅, tn), ψh) − a(X(tn); Ihv(⋅, tn), ψlh)∣

+ ∣a(X(tn); Ihv(⋅, tn) − v(⋅, tn), ψlh)∣
≤ chk ∥∇Γ(X)ψ

l
h∥L2(Γ(X)) ∥∇Γ(X)v(⋅, tn)∥L2(Γ(X)) .

Notice the order of the interpolation error is k instead of k + 1, hence the order of the whole
estimate drops by one to k.
For the difference of the nonlinear parts we estimate

∣m(X∗
h(tn); g(Ĩhu,∇Γh Ĩhu)νΓh , ψh) −m(X(tn); g(u,∇Γu)νΓ, ψ

l
h)∣

≤ ∣m(X∗
h(tn); (g(Ĩhu,∇Γh Ĩhu) − g(u,∇Γu)−l)νΓh , ψh)∣

+ ∣m(X∗
h(tn); g(u,∇Γu)−lνΓh , ψh) −m(X(tn); g(u,∇Γu)νΓ, ψ

l
h)∣

≤ ∣m(X∗
h(tn); (g(Ĩhu,∇Γh Ĩhu) − g(u,∇Γu)−l)νΓh , ψh)∣

+ ∣m(X∗
h(tn); g(u,∇Γu)−l(νΓh − ν−lΓ ), ψh)∣

+ ∣m(X∗
h(tn); g(u,∇Γu)−lν−lΓ , ψh) −m(X(tn); g(u,∇Γu)νΓ, ψ

l
h)∣.

The first summand can now be bounded by a L2−L∞−L2 estimate and using the local Lipschitz
continuity of g

∣m(X∗
h(tn); (g(Ĩhu,∇Γh Ĩhu) − g(u−l, (∇Γu)−l))νΓh , ψh)∣

≤ ∥g(Ĩhu,∇Γh Ĩhu) − g(u−l, (∇Γu)−l)∥L2[xn
∗
] ∥νΓh∥L∞(Γh[xn∗ ])

∥ψh∥L2[xn
∗
]

≤ C (∥Ĩhu − u−l∥L2(Γh[xn∗ ])
+ ∥∇Γh Ĩhu − (∇Γu)−l∥L2(Γh[xn∗ ])

) ∥ψh∥L2(Γh[xn∗ ])

≤ C (∥(Ihu − u)−l∥L2[xn
∗
] + ∥∇Γh(Ihu − u)−l∥L2(Γh[xn∗ ])

+ ∥∇Γhu
−l − (∇Γu)−l∥L2[xn

∗
]) ∥ψh∥L2(Γh[xn∗ ])

≤ C (hk + ∥∇Γhu
−l − (∇Γu)−l∥L2(Γh[xn∗ ])

) ∥ψh∥L2(Γh[xn∗ ]) ,

where we used the Lemma 5.1and 5.3 in the last inequality.
With the norm equivalence from Lemma (5.1) we then obtain

∣m(X∗
h(tn); (g(Ĩhu,∇Γh Ĩhu) − g(u−l, (∇Γu)−l))νΓh , ψh)∣ ≤ chk ∥ψlh∥L2(Γ(X)) ,
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since we have

∥(∇Γhu
−l)l −∇Γu∥L2(Γ(X)) ≤ ch

k. (6.3)

Furthermore, we use an L2 −L∞ −L2 estimate and Lemma 5.2 to obtain

∣m(X∗
h(tn); g(u,∇Γu)−l(νΓh − ν−lΓ ), ψh)∣

≤ ∥g(u,∇Γu)−l∥L2(Γ[xn
∗
]) ∥νΓh − ν−lΓ ∥

L∞(Γ[xn
∗
]) ∥ψh∥L2(Γ[xn

∗
])

≤chk ∥ψlh∥L2(Γ(X)) ,

where we also used the norm equivalence for the lifted functions in the last step.
The final summand is now estimated directly with Lemma 5.4

∣m(X∗
h(tn); g(u,∇Γu)−lν−lΓ , ψh) −m(X(tn); g(u,∇Γu)νΓ, ψ

l
h)∣

≤ chk+1 ∥g(u,∇Γu)νΓ∥L2(Γ(X)) ∥ψlh∥L2(Γ(X)) .

This now yields for the complete spatial defect

∣m(X∗
h(tn);dh,v(⋅, tn), ψh)∣ ≤ chk ∥ψlh∥L2(Γ(X)) .

6.2 The defect of u

We continue by estimating the defect dnu. The definition (4.1) reads in bilinear notation as

m(X∗
h(tn);dnu, ϕh) =

1

τ

p

∑
j=0

δjm(X̃∗
h(tn−j); Ĩhu(⋅, tn−j), ϕh) + a(X̃∗

h(tn); Ĩhu(⋅, tn), ϕh)

−m(X̃∗
h(tn); f(Ĩhu(⋅, tn),∇Γh Ĩhu(⋅, tn)), ϕh)

Here Ĩhu(⋅, tn−j) is understood as the finite element function on Γ(x̃n−j∗ ) corresponding with the
nodal vector un−j∗ , which collects the evaluation of u(⋅, tn−j) in the nodes xn−j∗ . Similar to the
defect from the velocity law we rewrite the weak formulation of the surface PDE to obtain

0 = − d
dt
m(X(tn);u(⋅, tn), ϕlh) − a(X(tn);u(⋅, tn), ϕlh)

+m(X(tn); f(u(⋅, tn),∇Γhu(⋅, tn)), ϕlh).

Adding these two equations now gives

m(X∗
h(tn);dnu, ψh) =

1

τ

p

∑
j=0

δjm(X̃∗
h(tn−j); Ĩhu(⋅, tn−j), ϕh) −

d
dt
m(X(tn);u(⋅, tn), ϕlh) (i)

+ a(X̃∗
h(tn); Ĩhu(⋅, tn), ϕh) − a(X(tn);u(⋅, tn), ϕlh) (ii)

+m(X(tn); f(u(⋅, tn),∇Γhu(⋅, tn)), ϕlh) (iii)

−m(X̃∗
h(tn); f(Ĩhu(⋅, tn),∇Γh Ĩhu(⋅, tn)), ϕh), (iii)
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where the terms were rearranged in a way that all differences will turn out small.
In the following we estimate the three lines above, in order.

(i) We use the extrapolated surface X̃∗
h to rewrite

1

τ

p

∑
j=0

δjm(X̃∗
h(tn−j); Ĩhu(⋅, tn−j), ϕh) −

d
dt
m(X(tn);u(⋅, tn), ϕlh)

= 1

τ

p

∑
j=0

δjm(X̃∗
h(tn−j); Ĩhu(⋅, tn−j), ϕh) −

d
dt
m(X̃∗

h(tn); Ĩhu,ϕh)

+ d
dt
m(X̃∗

h(tn); Ĩhu,ϕh) −
d
dt
m(X(tn);u,ϕlh)

With Taylor’s expansion we can estimate the first difference to be of order τp with Peano kernels,
as in [1]. We derive the second difference with the Leibniz rule to arrive at

d
dt
m(X̃∗

h(tn); Ĩhu,ϕh) −
d
dt
m(X(tn);u,ϕlh)

=m(X̃∗
h(tn); ∂̃●hĨhu,ϕh) −m(X(tn);∂●u,ϕlh) −m(X(tn);u, ∂●ϕlh) (6.4)

+ q(X̃∗
h(tn); ṽ∗h; Ĩhu,ϕh) − q(X(tn); v;u,ϕlh).

Using the discrete material derivative from (5.1) immediately yields, together with the property
(5.2), for (6.4)

∣m(X(tn);∂●u,ϕlh) +m(X(tn);u, ∂●ϕlh)∣ ≤m(X(tn); ∂̂●hu,ϕlh) + ∥∂̂●hu − ∂●u∥L2(Γ(X)) ∥ϕ
l
h∥L2(Γ(X))

+ ∥u∥L2(Γ(X)) ∥∂●ϕlh − ∂̂●hϕlh∥L2(Γ(X))

≤m(X(tn); ∂̂●hu,ϕlh) +Chk+1 ∥ϕlh∥L2(Γ(X)) ,

where we also used the transport property ∂̂●hϕ
l
h = 0. This leaves us with

∣ d
dt
m(X̃∗

h(tn); Ĩhu,ϕh) −
d
dt
m(X(tn);u,ϕlh)∣ (6.5)

= ∣m(X̃∗
h(tn); ∂̃●hĨhu,ϕh) −m(X(tn); ∂̂●hu,ϕlh)∣ (6.6)

+ ∣q(X̃∗
h(tn); ṽ∗h; Ĩhu,ϕh) − q(X(tn); v;u,ϕlh)∣ (6.7)

+Chk+1 ∥ϕlh∥L2(Γ(X)) .
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In the following we take a closer look at (6.6). Using intermediate terms yields

∣m(X̃∗
h(tn); ∂̃●hĨhu,ϕh) −m(X(tn); ∂̂●hu,ϕlh)∣

≤ ∣m(X̃∗
h(tn); ∂̃●hĨhu,ϕh) −m(X∗

h(tn); Ĩh∂̂●hu,ϕlh)∣

+ ∣m(X∗
h(tn); Ĩh∂̂●hu − (∂̂●hu)

−l
, ϕlh)∣

+ ∣m(X∗
h(tn); (∂̂●hu)

−l
, ϕh) −m(X(tn); ∂̂●hu,ϕlh)∣

≤ ∣m(X̃∗
h(tn); ∂̃●hĨhu,ϕh) −m(X∗

h(tn); Ĩh∂̂●hu,ϕlh)∣

+C ∥Ĩh∂̂●hu − (∂̂●hu)
−l∥

L2(Γ(X∗

h
))

∥ϕlh∥L2(Γ(X∗

h
))

+Chk+1 ∥∂̂●hu∥L2(Γ(X)) ∥ϕh∥L2(Γ(X)) ,

where the geometric estimates from Lemma 5.4 and the Cauchy–Schwartz inequality were used
in the last step. Now the norm equivalences for lifts (5.1) and the interpolation error estimate
from Lemma 5.3 lead us to

∣m(X̃∗
h(tn); ∂̃●hĨhu,ϕh) −m(X(tn); ∂̂●hu,ϕlh)∣ (6.8)

≤ ∣m(X̃∗
h(tn); ∂̃●hĨhu,ϕh) −m(X∗

h(tn); Ĩh∂̂●hu,ϕlh)∣ (6.9)

+C (hk + τp) ∥∂̂●hu∥L2(Γ(X)) ∥ϕh∥L2(Γ(X)) (6.10)

The transport property ensures that Ĩh and ∂●h commute, since

∂●hĨhu = ∂●h
N

∑
j=1

u(X∗
h(qj , t), t)φj[X∗

h] =
N

∑
j=1

( d
dt
u(X∗

h(qj , t), t))φj[X∗
h] (6.11)

=
N

∑
j=1

( d
dt
u(xj(t), t))φj[X∗

h] (6.12)

= Ĩh∂●u = Ĩh∂̂●hu, (6.13)

where in the last line was used that the discrete material derivative (defined in (5.1)) and the
material derivative coincide in the nodes xj(t). We also recall that on X̃∗

h the material derivative
of the interpolation ∂̃●hĨhu is due to the transport property given by

∂̃●hĨhu =
N

∑
j=1

(∂̃●huj(t)) φ̃j[X̃∗
h] =

N

∑
j=1

( d
dt
u(xj(t), t)) φ̃j[X̃∗

h]. (6.14)

The last equality holds, since uj(t) = u(xj(t), t) does not depend on the extrapolated surface.
We define the nodal vector u̇ ∈ RN with

(u̇n∗)j =
d
dt
u(xj(t), t), for 1 ≤ j ≤ N.
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This nodal vector now corresponds with (6.14) to the finite element function ∂̃●hĨhu on Γ(X̃∗
h) and

with (6.11) to ∂●hĨhu on Γ(X∗
h). We denote the nodal vector corresponding to ϕh with ϕ ∈ RN .

This allows us to rewrite (6.9), to obtain

∣m(X̃∗
h(tn); ∂̃●hĨhu,ϕh) −m(X∗

h(tn); Ĩh∂̂●hu,ϕlh)∣
= ∣u̇n∗ (M(x̃n∗) −M(xn∗))ϕ∣
≤ Cτp ∥u̇n∗∥M(xn

∗
) ∥ϕ∥M(xn

∗
)

≤ Cτp ∥Ĩh∂●hu∥L2(X∗

h
(tn))

∥ϕh∥L2(X∗

h
(tn))

≤ Cτp(1 +Chk) ∥∂●u∥L2(X) ∥ϕlh∥L2(X) ,

where Lemma 3.3 and the usual norm equivalences were used. In the last step an interpolation
estimate from Lemma 5.3 ensures the estimate with the norm of ∂●hu instead of its interpolation.
Combining the steps above we can now estimate (6.6) with

∣m(X̃∗
h(tn); ∂̃●hĨhu,ϕh) −m(X(tn); ∂̂●hu,ϕlh)∣ ≤ C(hk + τp) ∥∂●u∥L2(Γ(X)) ∥ϕh∥L2(Γ(X)) ,

where we used the norm equivalence for lifted functions from Lemma 5.1 .
Now we turn to the second sum of the same term, i.e. (6.7):

∣q(X̃∗
h(tn); ṽ∗h; Ĩhu,ϕh) − q(X(tn); v;u,ϕlh)∣ (6.15)

= ∣q(X̃∗
h(tn); ṽ∗h; Ĩhu,ϕh) − q(X̃∗

h(tn); Ĩhv; Ĩhu,ϕh)∣ (6.16)

+ ∣q(X̃∗
h(tn); Ĩhv; Ĩhu,ϕh) − q(X∗

h(tn); Ĩhv; Ĩhu,ϕh)∣ (6.17)

+ ∣q(X∗
h(tn); Ĩhv; Ĩhu,ϕh) − q(X(tn); v̂h; Ihu,ϕ

l
h)∣ (6.18)

+ ∣q(X(tn); v̂h; Ihu,ϕ
l
h) − q(X(tn); v; Ihu,ϕ

l
h)∣ (6.19)

+ ∣q(X(tn); v; Ihu,ϕ
l
h) − q(X(tn); v;u,ϕlh)∣ . (6.20)

Now (6.16) and (6.19) are bounded with an L2 −L∞ −L2 estimate, and (6.20) can be controlled
with an L∞ − L2 − L2 estimate. Furthermore, (6.18) can be bounded with the last geometric
estimate from Lemma 5.4. This leaves us with

∣q(X̃∗
h(tn); ṽ∗h; Ĩhu,ϕh) − q(X(tn); v;u,ϕlh)∣

≤ ∥∇Γh (ṽ∗h − Ĩhv)∥L2(X̃∗

h
) ∥Ĩhu∥L∞(X̃∗

h
) ∥ϕh∥L2(X̃∗

h
)

+ ∣q(X̃∗
h ; Ĩhv; Ĩhu,ϕh) − q(X∗

h ; Ĩhv; Ĩhu,ϕh)∣
+Chk+1 ∥Ihu∥L2(Γ(X)) ∥ϕlh∥L2(Γ(X))

+C (∥∇Γ (v̂h − Ihv)∥L2(Γ(X)) + ∥∇Γ (Ihv − v)∥L2(Γ(X))) ∥Ihu∥L∞(Γ(X)) ∥ϕlh∥L2(Γ(X))

+ ∥∇Γv∥L∞(Γ(X)) ∥Ihu − u∥L2(Γ(X)) ∥ϕlh∥L2(Γ(X)) .
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Since v̂h and v agree on the nodes, their interpolations coincide. Using the interpolation estimates
from Lemma 5.3 and norm equivalences for lifts now allows us to obtain

∣q(X̃∗
h(tn); ṽ∗h; Ĩhu,ϕh) − q(X(tn); v;u,ϕlh)∣ ≤ C ∥ṽn∗ − vn∗∥K(xn

∗
) ∥ϕ∥M(xn

∗
)

+ ∣q(X̃∗
h ; Ĩhv; Ĩhu,ϕh) − q(X∗

h ; Ĩhv; Ĩhu,ϕh)∣
+Chk+1 ∥Ihu∥L2(Γ(X)) ∥ϕlh∥L2(Γ(X))

+Chk (∥v̂h∥L2(Γ(X)) + ∥v∥L2(Γ(X))) ∥ϕlh∥L2(Γ(X))

+Chk+1 ∥u∥L2(Γ(X)) ∥ϕlh∥L2(Γ(X))

≤ C (τp + hk) ∥ϕlh∥L2(Γ(X))

+ ∣q(X̃∗
h ; Ĩhv; Ĩhu,ϕh) − q(X∗

h ; Ĩhv; Ĩhu,ϕh)∣ ,

where an estimate for the extrapolation was used in the last inequality. The difference with the
extrapolation is, as before, bounded with Taylor’s theorem and of order τp. The last remaining
summand now is estimated with the techniques from Lemma 3.1. We use an intermediate surface
Γθh = Γ[xn∗ + θ(x̃n∗ − xn∗)] and the fundamental theorem of calculus to obtain

∣q(X̃∗
h ; Ĩhv; Ĩhu,ϕh) − q(X∗

h ; Ĩhv; Ĩhu,ϕh)∣

= ∣∫
1

0

d
dθ ∫Γθ

h

(∇Γθ
h
⋅ Ĩθhv) (Ĩθhu)ϕθhdθ∣

≤ C ∣∫
1

0
∫

Γθ
h

∂●θ (∇Γθ
h
Ĩθhv) (Ĩθhu)ϕθh + (∇Γθ

h
Ĩθhv) (Ĩθhu)ϕθh (∇Γθ

h
⋅ ẽθx,∗)dθ∣ ,

where the Leibniz rule was used as before. The transport property ensures that the material
derivative of a finite element function with constant coefficient vanishes (i.e. ∂●θϕ

θ
h=0). We can

use this together with the product rule to see that it is sufficient to take the material derivative
of the first factor of the product. We remind ourselves of (4.17), which yields

∂●θ∇Γθ
h
Ĩθhv = ∇Γθ

h
∂●θ Ĩ

θ
hv − (∇Γθ

h
ẽn,θx,∗ − νΓθ

h
(νΓθ

h
)T (∇Γθ

h
ẽn,θx,∗)T )∇Γθ

h
Ĩθhv.

The first summand on the right side vanishes because of the transport property. We insert this
identity into the right-hand side above to obtain

∣q(X̃∗
h ; Ĩhv; Ĩhu,ϕh) − q(X∗

h ; Ĩhv; Ĩhu,ϕh)∣

≤ C ∫
1

0
∫

Γθ
h

∣(∇Γθ
h
ẽn,θx,∗ − νΓθ

h
(νΓθ

h
)T (∇Γθ

h
ẽn,θx,∗)T )∇Γθ

h
Ĩθhv (Ĩθhu)ϕθh∣

+ ∣(∇Γθ
h
Ĩθhv) (Ĩθhu)ϕθh (∇Γθ

h
⋅ ẽθx,∗)∣dθ

≤ C ∫
1

0
(∥∇Γθ

h
ẽn,θx,∗∥

L2(Γθ
h
)
+ ∥νΓθ

h
∥

2

L∞(Γθ
h
)
∥∇Γθ

h
ẽn,θx,∗∥

L2(Γθ
h
)
)∥∇Γθ

h
Ĩθhv∥L∞(Γθ

h
)
∥Ĩθhu∥L∞(Γθ

h
) ∥ϕ

θ
h∥L2(Γθ

h
)

+ ∥∇Γθ
h
Ĩθhv∥L∞(Γθ

h
)
∥Ĩθhu∥L∞(Γθ

h
) ∥ϕ

θ
h∥L2(Γθ

h
) ∥∇Γθ

h
⋅ ẽθx,∗∥

L2(Γθ
h
)
dθ

≤ C ∫
1

0
∥∇Γθ

h
ẽn,θx,∗∥

L2(Γθ
h
)
∥ϕθh∥L2(Γθ

h
) dθ.
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The last inequality is due to the fact that the L∞-norm of interpolations (and their gradients)
of functions is bounded, for example we can deduce

∥Ihu∥L∞(Γ(X)) + ≤ ∥u∥L∞(Γ(X)) + ∥u − Ihu∥L∞(Γ(X))

≤ ∥u∥L∞(Γ(X)) +Ch2 (∥u∥W 1,∞(Γ(X)) + h ∥u∥W 2,∞(Γ(X))) ≤ C,

with common L∞-interpolation estimates, like [14, Lemma 3.8].
Now, we use Lemma 3.1 and an estimate to conclude

∣q(X̃∗
h ; Ĩhv; Ĩhu,ϕh) − q(X∗

h ; Ĩhv; Ĩhu,ϕh)∣ ≤ Cτp ∥ϕh∥L2(Γh[xn∗ ])

Combining this result with the others above now yields for (i)
RRRRRRRRRRR

1

τ

p

∑
j=0

δjm(X̃∗
h(tn−j); Ĩhu(⋅, tn−j), ϕh) −

d
dt
m(X(tn);u(⋅, tn), ϕlh)

RRRRRRRRRRR
≤ C(hk + τp) ∥ϕh∥L2(Γh[xn∗ ])

(ii) The second term is estimated by using multiple zeros, i.e.

∣a(X̃∗
h(tn); Ĩhu,ϕh) − a(X(tn);u,ϕlh)∣

≤ ∣a(X̃∗
h(tn); Ĩhu,ϕh) − a(xn∗ ; Ĩhu,ϕh)∣

+ ∣a(X∗
h(tn); Ĩhu,ϕh) − a(X(tn); Ihu,ϕlh)∣

+ ∣a(X(tn); Ihu,ϕlh) − a(X(tn);u,ϕlh)∣
≤ C (hk + τp) ∥u∥L2(Γ(X)) ∥ϕlh∥L2(Γ(X)) ,

where we used Lemma 3.1 for the first term, estimate the second summand with a geometric
estimate from Lemma 5.4 and the last summand with the Cauchy-Schwartz inequality and the
interpolation bound from Lemma 5.3.

(iii) For the last summand of the defect in u we use an intermediate term as before, to obtain

∣m(X̃∗
h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh) −m(X(tn); f(u,∇Γhu), ϕlh)∣ (6.21)

≤ ∣m(X̃∗
h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh) −m(X∗

h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh)∣ (6.22)

+ ∣m(X∗
h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh) −m(X(tn); f(u,∇Γhu), ϕlh)∣. (6.23)

Using the interpolation estimates from Lemma 5.3 and Lemma 3.3 allows us to estimate (6.22)
by

∣m(X̃∗
h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh) −m(X∗

h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh)∣
≤ ∣m(X̃∗

h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh) −m(X̃∗
h(tn); Ĩhf(Ĩhu,∇Γh Ĩhu), ϕh)

+ ∣m(X̃∗
h(tn); Ĩhf(Ĩhu,∇Γh Ĩhu), ϕh) −m(X∗

h(tn); Ĩhf(Ĩhu,∇Γh Ĩhu), ϕh)∣
+ ∣m(X∗

h(tn); Ĩhf(Ĩhu,∇Γh Ĩhu), ϕh) −m(X∗
h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh)∣

≤ Chk+1 ∥f(Ĩhu,∇Γh Ĩhu)∥L2(Γ[x̃n
∗
])

+ ∣m(X̃∗
h(tn); Ĩhf(Ĩhu,∇Γh Ĩhu), ϕh) −m(X∗

h(tn); Ĩhf(Ĩhu,∇Γh Ĩhu), ϕh)∣
+Chk+1 ∥f(Ĩhu,∇Γh Ĩhu)∥L2(Γh[xn∗ ])

.
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Since the finite element functions in the last pair that remains correspond to the same nodal
vector, we conclude

∣m(X̃∗
h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh) −m(X∗

h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh)∣ ≤ C(hk + τp).

Now, we continue by estimating (6.23). By using f(u,∇Γu)−l = f(u−l, (∇u)−l) and the first
geometric estimate from Lemma 5.4, we obtain

∣m(X∗
h(tn); f(Ĩhu,∇Γh Ĩhu), ϕh) −m(X(tn); f(u,∇Γu), ϕlh)∣

≤ ∣m(X∗
h(tn); f(Ĩhu,∇Γh Ĩhu) − f(u−l, (∇Γu)−l), ϕh)

+ ∣m(X∗
h(tn); f(u, (∇Γu))−l, ϕh) −m(X(tn); f(u,∇Γu), ϕlh)∣

≤ ∣m(X∗
h(tn); f(Ĩhu,∇Γh Ĩhu) − f(u−l, (∇Γhu)−l), ϕh)

+ chk+1 ∥ϕh∥L2[xn
∗
] .

≤ ∥f(Ĩhu,∇Γh Ĩhu) − f(u−l, (∇Γhu)−l)∥L2[xn
∗
] ∥ϕh∥L2[xn

∗
]

+ chk+1 ∥ϕh∥L2[xn
∗
] ,

where we used the Cauchy Schwartz inequality in the last estimate. Using the local lipschitz
continuity of f and the usual interpolation estimates (Lemma 5.3) now yields for the first term
of the sum above

∥f(Ĩhu,∇Γh Ĩhu) − f(u−l, (∇Γhu)−l)∥L2[xn
∗
] ∥ϕh∥L2[xn

∗
]

≤C (∥Ĩhu − u−l∥L2[xn
∗
] + ∥∇Γh Ĩhu − (∇Γhu)−l∥L2[xn

∗
]) ∥ϕh∥L2[xn

∗
]

≤C (Chk+1 + ∥∇Γh (Ĩhu − u−l) + ∇Γhu
−l − (∇Γhu)−l∥L2[xn

∗
]) ∥ϕh∥L2[xn

∗
]

≤C (Chk+1 +Chk + ∥∇Γhu
−l − (∇Γhu)−l∥L2[xn

∗
]) ∥ϕh∥L2[xn

∗
] .

With (6.3) and the norm equivalence for lifts in Lemma 5.1 we can estimate the final term with

∥∇Γhu
−l − (∇Γu)−l∥L2[xn

∗
] ≤ C ∥(∇Γhu

−l)l −∇Γu∥
L2(Γ(X))

≤ Chk.

Combining all estimates for (i),(ii) and (iii) now yields

m(X∗
h(tn);du, ϕ) ≤ C(hk + τp).

6.3 The defect of x

The defect dnx ∈ R3N is given by

dnx = 1

τ

p

∑
j=0

δjx∗(tn−j) − ẋ∗(tn).
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6.3 The defect of x 6 DEFECT BOUNDS

This defect solely arises due to the time discretization. Using Taylor’s theorem and Peano kernels,
as done in ([1], Lemma 6.1) gives the estimate

∥dnx∥K[xn
∗
] ≤ Cτp.

Now, the main statement for the errors follows from inserting the defect bounds into the stability
results. In the following, we now give the proof of Theorem 2.1.

Proof. Inserting the defect bounds from Lemma 6.1 into the stability result from Proposition 1
yields

∥enx∥
2
K(xn

∗
) + ∥env∥

2
K(xn

∗
) +

p

∑
j=1

∥en−p+ju ∥2

M(xn
∗
) + τ

n

∑
j=1

∥eju∥
2

A(xj
∗
)

≤ Cτ
n

∑
j=p

(∥djx∥
2

K(xj
∗
) + ∥djv∥

2

∗,xj
∗

+ ∥dju∥
2

∗,xj
∗

) +C
p−1

∑
j=0

(∥ejx∥
2

K(xj
∗
) + ∥eju∥

2

M(xj
∗
)) ,

≤ Cτ
n

∑
j=p

C (hk + τp)2 +C
p−1

∑
j=0

C(hk + τp)2 ≤ C(hk + τp)2

(6.24)

For arbitrary a, b > 0, Young’s inequality yields

(
√
a +

√
b) =

√
(
√
a +

√
b)

2
=
√
a + 2

√
a
√
b + b ≤

√
2 (a + b).

Taking the square root of both sides of (6.24) and then using the estimate from below multiple
times allows us to obtain

∥enx∥K(xn
∗
) + ∥env∥K(xn

∗
) + ∥enu∥M(xn

∗
) +

¿
ÁÁÀτ

n

∑
j=1

∥eju∥
2

A(xj
∗
)
≤ C(hk + τp),

where we dropped the past errors in u. As before in (2.23) we write ûnh for the finite element
function corresponding to un on the discrete surface with exact nodes. Using the interpolation
estimate from Lemma 5.3, together with Lemma 5.1 we obtain

∥(unh)
L − u(⋅, tn)∥

L2(Γ(tn))
≤ ∥(unh)

L − Ihu(⋅, tn) + Ihu(⋅, tn) − u(⋅, tn)∥
L2(Γ(tn))

≤ C ∥ûnh − Ĩhu(⋅, tn)∥L2(Γh(X∗

h
(tn)))

+Chk

≤ C ∥enu∥M[xn
∗
] +Chk+1 ≤ C(hk + τp).

Using this argument structure in the same way for the other errors yields the stated result.
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7 NUMERICAL EXPERIMENTS

7 Numerical experiments

The main obstacle to the implementation is the matrix assembly, i.e. the calculation of the
finite element matrices A and M. We use an element-by-element implementation and the usual
reference element techniques to calculate local FEM matrices and insert these into the global
mass/stiffness matrix.

From Theorem 2.1 we can not conclude convergence of linear finite elements, we therefore
implement second order finite elements. This proves to be more challenging at a number of points,
mainly in the matrix assembly and the mesh generation, which we discuss in the following.

7.1 Generation of a second order triangulation

For this implementation, we used the distmesh [20] package for MATLAB to generate a linear
discretization of the initial surface with a given distance function. We then transform every linear
element by creating additional points in the middle of each edge and projecting these new points
to the boundary. These points characterize the element, however for computational purposes we
need a parametrization of the element.
We define our reference element Ê as the convex hull of the origin, (1,0,0) and (0,1,0), with
nodes at

N̂odes =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 0 0
1 0 0
0 1 0

1/2 0 0
0 1/2 0

1/2 1/2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

In the following, everything related to the reference element is denoted with a hat. For a second
order element E ⊂ R3 we choose the parametrization ΦE ∶ Ê → E to be the polynomial of second
degree that interpolates the nodes of E. (In a loose notation we demand ΦE(N̂odes) = NodesE .)
Furthermore, we write φ̂j for the second order basis functions of Ê and φj = φ̂j ○Φ−1

E for the basis
functions on E.

Understood as a map ΦE ∶ R3 → R3 is singular, since it maps the points above and below the
reference element on the surface as well.
To get around this we demand that the differential DΦE pushes forward the normal vector on
the reference Element νÊ = (0,0,1)t on the normal vector on the Element νE i.e. DΦEνÊ = νE .
To understand why we define ΦE in a neighborhood of the reference element Ê like this, we
observe the following calculation for the surface gradient of a basis function on an arbitrary
element, :

∇Eφj = ∇(φ̂j ○Φ−1
E ) − νEνTE∇(φ̂j ○Φ−1

E )
= (DΦ−1

E )T (∇φ̂j) ○Φ−1
E − νEνTE(DΦ−1

E )T (∇φ̂j) ○Φ−1
E

= (DΦ−1
E )T (∇φ̂j) ○Φ−1

E − νE(DΦ−1
E νE)T (∇φ̂j) ○Φ−1

E

= (DΦ−1
E )T (∇φ̂j) ○Φ−1

E − νE(νÊ)
T (∇φ̂j) ○Φ−1

E

= (DΦ−1
E )T (∇φ̂j) ○Φ−1

E .

(7.1)
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7.2 Matrix Assembly 7 NUMERICAL EXPERIMENTS

The second term now vanishes, since the gradient of basis functions on the reference element
is zero in the last entry and the normal vector on the reference element is just (0,0,1). The
property above will be useful later in the matrix assembly of the stiffness matrix.

7.2 Matrix Assembly

The computational complexity mainly comes from the matrix assembly, since they have to be
recalculated at any time step due to the fact that the surface is evolving.

Using the integral transformation theorem gives us a formula for the local mass matrix

Mloc
ij = ∫

E
φjφi = ∫

E
φ̂j ○Φ−1

E φ̂i ○Φ−1
E = ∫

E0

φ̂jφ̂i ∣det(DΦE)∣ .

With the same structure, combined with (7.1) we obtain

Aloc
ij = ∫

E
∇Eφj ⋅ ∇Eφi

= ∫
E
(DΦ−T

E ((∇φ̂j) ○Φ−1
E )) ⋅ (DΦ−T

E ((∇φ̂i) ○Φ−1
E ))

= ∫
Ê
(DΦ−T

E ∇φ̂j) ⋅ (DΦ−T
E ∇φ̂i) ∣detDΦE ∣ ,

where the differential DΦ−T
E is evaluated at a point ΦE(ξ), for ξ ∈ Ê.

7.3 Constructing numerical experiments

We test the discretization by choosing the evolution X(q, t) = r(t)q with a function r ∶ [0,1] → R+
and the initial surface Γ0 chosen as the unit sphere. The exact surface Γ(t) is therefore given by
a sphere with Radius r(t). The exact velocity is then given by

v(X(q, t), t) = d
dt
X(q, t) = d

dt
r(t)q = ṙ(t)q = ṙ(t) X(q, t)

∥X(q, t)∥ = ṙ(t)
r(t)X(q, t).

The divergence of the velocity is now obtained by

∇Γ(X) ⋅ v =
ṙ(t)
r(t)∇Γ(X) ⋅X = 2

ṙ(t)
r(t) ,

and the Laplace–Beltrami operator by

∆Γ(X)v(x, t) =
ṙ(t)
r(t)∆Γ(X)X = − ṙ(t)

r(t)
2

r(t)2
X = −2

ṙ(t)
r(t)3

X

On the surface, we choose u = a(t)xyz to be an eigenfunction of the Laplace-Beltrami operator
on a sphere, multiplied with an arbitrary function a only depending on time. A long, however
straightforward computation then yields
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∆Γ(X)u = −
12

r(t)2
u.

The material derivative is given by

∂●u(x, t) = d
dt
u(X(q, t), t) = d

dt
a(t)r(t)3q1q2q3 = a(t)3r(t)2ṙ(t)q1q2q3 + ȧ(t)r(t)3q1q2q3

= 3
ṙ(t)
r(t)a(t)x1x2x3 + ȧ(t)x1x2x3 = (3

ṙ(t)
r(t) +

ȧ(t)
a(t))u.

With (2.7), we obtain for the right hand side f (with α = β = 1)

f(u,∇Γ(X)u) = ∂●u + u∇Γ(X) ⋅ v −∆Γ(X)u

= (3
ṙ(t)
r(t) +

ȧ(t)
a(t))u + 2

ṙ(t)
r(t)u +

12

r(t)2
u = (5

ṙ(t)
r(t) +

ȧ(t)
a(t) +

12

r(t)2
)u.

Plugging in u and v in the velocity law (2.8) now yields for g

g(u,∇Γ(X)u)νΓ(X) = v − α∆Γ(X)v + βHΓ(X)νΓ(X)

= ( ṙ(t)
r(t) + 2α

ṙ(t)
r(t)3

+ β 2

r(t)2
)X

= (ṙ(t) + 2α
ṙ(t)
r(t)2

+ β 2

r(t))νΓ(X)

= u

a(t)x1x2x3
(ṙ(t) + 2α

ṙ(t)
r(t)2

+ β 2

r(t))νΓ(X),

where the additional factor that was created in the last step serves as an artificial coupling of
the velocity law to the solution of the surface PDE.

7.4 Convergence Plots

Setting a(t) = exp(−t2) and r(t) = 1+ 1

2
sin(πt), we now calculate approximations of u and X at

a time T = 1, for various h and τ .
We then plot the L2- norm and the H1-seminorm of the errors enu and enx, with double logarithmic
scale. We fix the step size and mesh size in turn to observe space and time convergence rates.
In the following, we present plots for the quadratic ESFEM / BDF3 discretization. The time
convergence rate (O(τp)) is observed both for xnh and unh and for both norms.
The space convergence rate for the L2-norm is observed to be of order O(h3), where we were
only able to prove the rate O(h2), since we do not have a natural access to the Ritz-projection.
The space convergence rate for the H1-norm of O(h2) is observed for both unh and xnh.
All numerical experiments were conducted using α = β = 1.
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In the following, we present convergence plots of ∥(xnh)
L − xΓ(X)∥, for the L2-norm and the

H1-seminorm.
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Figure 1: Time convergence of xnh, with quadratic ESFEM/ BDF3, for (2.7)-(2.9)
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Figure 2: Space convergence of xnh, with quadratic ESFEM/ BDF3, for (2.7)-(2.9)
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In the following, we present convergence plots of ∥(unh)
L − u∥, for the L2-norm and the

H1-seminorm.
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Figure 3: Time convergence of unh, with quadratic ESFEM/ BDF3, for (2.7)-(2.9)
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Figure 4: Space convergence of unh, with quadratic ESFEM/ BDF3, for (2.7)-(2.9)
.
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In the full discretization of the surface PDE (2.19) appear mass matrices on surfaces correspond-
ing to extrapolated nodal vectors, i.e. M(x̃n−j), where we could also reassemble at the numerical
approximations xn−j . This corresponds of exchanging (2.19) with

1

τ

⎛
⎝
δ0M(x̃n)un +

p

∑
j=1

δjM(xn−j)un−j
⎞
⎠
+A(x̃n)un = f(x̃n, ũn). (7.2)

We note that this change does come at a price, since we previously did compute M(xn−j). In our
numerical experiments this additional matrix assembly increases the runtime by approximately
40%.

Convergence plots, using (2.19) or (7.2), are basically identical, which implies that both
schemes work equally fine for this experiment. To visualize the difference of both discretizations,
we compute a numerical solutions un,1h using (2.19) and a numerical solution un,2h , using (7.2). We
then plot, in the same format as before, the space and time convergence of ∥un,1h − un,2h ∥

H1(Γh[xn∗ ])
.
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Figure 5: Convergence plots for ∥un,1h − un,2h ∥
H1(Γh[xn∗ ])

We observe that the H1-norm of the difference of both numerical solutions is much smaller than
the error and completely dominated by the time discretization error. Therefore, reassembling
the mass matrices in the numerical solutions xj (at a high computational cost) and using (7.2)
did not improve the accuracy of the numerical solution in any relevant way, compared to using
(2.19).
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Zusammenfassung

In dieser Arbeit wird ein gekoppeltes System geometrischer Evolutionsgleichung auf zweidimen-
sionalen bewegten Oberflächen Γ(t) ⊂ R3 volldiskretisiert und numerisch analysiert. Die Evolu-
tion der Oberfläche selbst ist dabei nicht vorgegeben, sondern selbst abhängig von einer Lösung
einer partiellen Differentialgleichung (PDE) auf der bewegten Oberfläche.
Die Evolution löst einen regularisierten mittleren Krümmungsfluss, welcher gekoppelt ist an eine
parabolische partielle Differentialgleichung auf der Oberfläche. In [16] wurde bereits die Konver-
genz einer Semidiskretisierung, mithilfe finiter Elemente von Ordnung k ≥ 2 , des gekoppelten
Systems nachgewiesen. Daraufhin wurde in [17] eine linear implizite BDF-Zeitdiskretisierung der
semidiskreten PDE analysiert und für BDF-Verfahren der Ordnung p ≤ 5 Konvergenz bewiesen.
Diese Arbeit erweitert nun die numerische Analyse dieses Systems und enthält eine vollständige
Konvergenzanalyse der Volldiskretisierung des gekoppelten Systems.

Im ersten Abschnitt wird eine kurze Einleitung in das Thema gegeben. Bisherige Ergebnisse
werden referiert und die Struktur der Arbeit wird beschrieben.

Der zweite Abschnitt führt die grundlegende Notation eingeführt und wichtige Eigenschaften
von bewegten Oberflächen werden wiederholt. Anschließend wird eine schwache Formulierung
hergeleitet und finite Elemente Räume werden eingeführt. Mithilfe von BDF-Verfahren wird eine
Volldiskretisierung des Problems aufgestellt. Abschließend wird das Hauptresultat formuliert und
in einen Satz gefasst.

Im dritten Abschnitt werden Hilfsresultate für die aus [16] und [17] wiederholt, die eine
zentrale Rolle in der Stabilitätsanalyse spielen. Ein neues Resultat wurde hinzugefügt, welches
einen Differentenquotienten der Massematrizen abschätzt.

Der vierte Abschnitt beinhaltet die Stabilitätsanalyse. Zu Beginn werden Fehlergleichungen
hergeleitet. Hierfür wird die Interpolation der exakten Lösung in das diskretisierte System einge-
setzt. Diese lösen das numerische System nicht exakt, sondern nur bis auf einen Restterm, der
sogenannte Defekt. Subtraktion der numerischen Lösung eingesetzt in das numerische System
liefert dann Fehlergleichungen. Nun werden die Fehlergleichungen nacheinander getestet, an-
schließend werden die Terme auf der rechten Seite nacheinander abgeschätzt und absorbiert. Eine
wichtige Rolle spielen dabei die Multiplier-Techniken aus [19]. Das Stabilitätsresultat schätzt nun
die numerischen Fehler in Termen der eingeführten Defekte ab.

Abschnitt 5 gibt wichtige geometrische Abschätzungen an, die später in der Konsistenzanalyse
verwendet werden.

Die Konsistenzanalyse befindet sich im sechsten Abschnitt. Hier werden die in der Stabilität-
sanalyse eingeführten Defekte, mithilfe der geometrischen Abschätzungen aus der Sektion zuvor,
beschränkt. Gemeinsam mit dem Stabilitätsresultat aus dem vierten Abschnitt wird nun das
Hauptresultat, in Form des Satzes aus dem vorherigen Abschnitt, bewiesen.

Im siebten Abschnitt werden numerische Experimente beschrieben. Die zentralen Ideen der
Implementierung von finiten Elementen zweiter Ordnung auf gekrümmten Oberflächen werden
erläutert. Ein simpler Weg zur Erstellung numerischer Experimente wird dargestellt. Die be-
wiesenen Konvergenzraten werden anhand Fehlerplots numerischer Experimente illustriert.
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