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Problem 1. Let hj ∈ C1(Rn), for 1 ≤ j ≤ p. Consider the regular point

x ∈XXX =
{
z ∈ Rn; hj(z) = 0 (1 ≤ j ≤ p)

}
.

Show that for every tangential vector y ∈ TXXX (x) there exists a path ψ : (−ε, ε)→XXX such that

ψ(0) = x , ψ′(0) = y .

Hint: Use the implicit function theorem.

Problem 2. For 1 ≤ j ≤ p, let hj ∈ C2(Rn), and f ∈ C2(Rn). Let the regular point x∗ ∈XXX be a local
minimum of f on

x ∈XXX = {x ∈ Rn; hj(x) = 0 (1 ≤ j ≤ p)} .

Then show that (
y,∇2L 2(x∗,λλλ)y

)
≥ 0 ∀y ∈ TXXX (x∗) ,

where L : Rn × Rp → R is the Lagrange function.

Hint: Use again the path ψ : (−ε, ε)→XXX such that ψ(0) = x∗ and ψ′(0) = y.

Problem 3. a) Let
f(x1, x2) = x1 + x2 and h(x1, x2) = x21 + x22 − 2 .

Consider the problem:

min f(x1, x2) subject to (x1, x2) ∈XXX = {x ∈ R2; h(x) = 0} .

Use the optimality conditions to compute x∗ ∈XXX .

b) Let h1, h2 : R2 → R be two maps, with

h1(x1, x2) = (x1 − 1)2 + x22 − 1 , h2(x1, x2) = (x1 − 2)2 + x22 − 4 .

Consider the constrained optimization problem:

min f(x1, x2) subject to (x1, x2) ∈XXX = {x ∈ R2; h1(x) = h2(x) = 0} ,
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where f is defined as in part a). Argue that the problem has a local minimum at x∗ = 0, but that there
does not exist a Lagrange multiplier for this local minimum.
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