
Exercise Sheet-4

Stochastic Differential Equations
Dr. Chaudhary

December 4, 2023

Consider a probability space (Ω,F , P ). Let W = {W (t), t ≥ 0} be a Brow-
nian motion on (Ω,F , P ).

1. Show that

lim
n→∞

n−1∑
i=0

(∆n
i W )2 = T inL2(Ω),

where ∆n
i = W (tni+1)−W (tni ), ti =

iT
n .

2. Find the following limits in L2(Ω):

lim
n→∞

n−1∑
i=0

W (tni )(W (tni+1)−W (tni ))

and

lim
n→∞

n−1∑
j=0

W (tni+1)
(
W (tni+1)−W (tni )

)
.

3. Show that each random step process f ∈ M2
step,

It(f) =

∫ t

0

f(s)dW (s)

is a martingale.

4. Verify the following identities∫ T

0

W (t)dW (t) =
1

2
W (T )2 − 1

2
T,

∫ T

0

tdW (t) = TW (T )−
∫ T

0

W (t)dt,

and∫ T

0

W (t)2dW (t) =
1

3
W (T )3 −

∫ T

0

W (t)dt.
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