
Exercise Sheet-3

Stochastic Differential Equations
Dr. Chaudhary

November 13, 2023

1 Exercise: General Properties of Brownian mo-
tion

Consider a probability space (Ω,F , P ). Let W = {W (t), t ≥ 0} be a Brownian
motion on (Ω,F , P ).

1. Show that

fW (t)(x) =
1√
2πt

exp(
−x2

2t
) ∀ x ∈ R, t > 0

is probability density of W (t) and find the expectation and variance of
W (t).

2. Show that

E[WsWt] = min{s, t} ∀ s, t ≥ 0.

3. show that

E
[
|W (t)−W (s)|2

]
= |t− s| ∀ s, t ≥ 0.

4. Let t > 0. Compute the characteristic function

ϕW (t)(λ) := E(exp(iλW (t))) ∀ λ ∈ R.

5. Compute E
[
|W (t)|4

]
with the help of part (4).
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