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Problem 1. Fix T > 0. Let W be an R™-valued Wiener process on (2, F,P), and F = FW. Consider
continuous maps

b:[0,7] x R" —» R" and o:[0, 7] xR" - Z(R™,R"),
which satisfy the following properties for all x,y € R™ and all t € [0, T7:

(i) [b(t,%)|g. + ot %)l 2@nrm) < C(1+|x[rn),
(i) [b(t,x) = b(t,y)[ga + ot %) =0t ¥)|| ygm gny < Clx = ¥gn -

Let & € LP(Q2;R™) be given, for p > 2. Consider the SDE
dXt:b(t,Xt)dt—l-O’(t,Xt)th (OStST), Xy =¢€.
Show that there exist a constant C' > 0, and a constant C,, > 0 which depends on p as well, such that

E[ sup |X;[kn] < Cp(E[€[Rn] + 1) exp(Ct).
0<s<t

Hint: Use Ito’s formula, and BDG-inequality.

Problem 2. Under the same conditions as in Problem 1, show that
E[IX: - X,[8] < Cp(B[Ig5.] + 1) (t—5)*  (0<s<t<T),

with constants C' > 0 and C,, > 0, where the latter are also depends on p > 2.

Problem 3. Assume the same conditions as in Problem 1. Let 7;, = {t; 5’:0 be an equi-distant mesh
of size k = k’ > 0 that covers [0, T]. Consider iterates {Yj}‘]f:O of the (explicit) Euler method

Y Y =b(Y)k+o(Y)AW  (0<j<J-1), Y'=£eL{QR"),
where A;W := W (t;11) — W(t;). Prove the existence of constants C' > 0 and C),, > 0 such that

sup max E[[Y7[20] < O(E[€[25] + 1) exp(CT).
k>0 0<j<J
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Problem 4. Fix T > 0. Let W be an R™-valued Wiener process on (2, F,P), and F = FW. Let
b:R"” - R" and o : R” — R]™*™ be locally Lipschitz functions, i.e., for every N > 0 there exists
Cy >0, s.t

[b(x) = b(y)[rn + [lo(x) — o (¥)ll z®nrm) < On[x —ylrn  Vx,y € [-N,NJ".

i) Show that for every x € R"™, we can find a stopping time 7., almost surely positive, and a stocha-
stic process {X¥; 0 <t < 7%}, S.t.

t t
XF=x +/ b(X¥)ds +/ o(XY)dW; Vit <. (1)
0 0

i) Show that the process {X}; 0 < t < 7x} is unique in the sense that if 7 is an almost surely
positive stopping time and if {Y}; 0 << 7x} is a stochastic process such that

t t
Yf:x+/ b(Y?)ds%—/ o(YX)AW,  Vi<7, B
0 0

then 7 < 7, and P-a.s.,

The process {X}; 0 <t < 7%} is called the solution of the SDE (1)) up to the explosion time 7.

Problem 5. Fix T" > 0, as well as (2, F,F,P), and a W on it. We wish to approximate the following
so-called SPDE with solution v = {u(t,x); 0 <t <T, 0 < x < 1} via the spatial discretization below,

ou(t,zr) = —Au(t,z) +adW(t,x) V(t,z) € (0,T) x [0,1],
u(0,2) = wup(x) Vael0,1], (3)
u(t,0) =u(t,1) =0 Vte (0,T),

for a € {0,1}. Here, W = W (¢, x) is of the form
N
Wit z) ==Y ~"* V2sin(irz) W;(t) (4)
=1

forsome N € N, and {W;(t); 0 <t < T} are ii.d., real-valued Brownian motions, and {fyi}fvzl C Rso.
For the numerical approximation of (3), we discretizeﬂin both, space and time. Forevery 0 < j < J—1,
let u/ denote an approximation

U‘? ~ [u(tjvxl)vu(tj7$2)’ o ’u(tj’ xL)]T ’
which solves the following (implicit) discretization
ugﬁrl—u? = —kJAhu?+1+aAjW 0<ji<J-1), (5)
ull = [uo(z1),u0(w2), -+ ,uo(zr)]

'For a spatial discretization, we divide the interval [0, 1] into subintervals I; := [z;_1,z;] (1 < j < L) of equi-distant mesh
of size h = k™, where L is a positive integer, and 0 = 2o < 1 < --- < ¢1_1 < x1, = 1. For the time discretization, let
Tys = {tj};.’zo C [0, T be an equi-distant mesh of size k = k”’.
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where

2 -1 0 - 2%1 7{;2 V2sin(imar) (Wit ) — Wi(t)))
.. o T N
AP = L -tz eRXE AW = i V2sin(imzs) (Wit]),) — Wa(t)))

Sy V2sin(imas) (Wilt],0) — Wilt])

Fix N =5 in (4). Consider the following three different initial data for = € [0, 1]:

(0) wola) =sin(ra), () ua<x>={f’_fj“‘o;£’vﬁfi ) @) = Tgems)

Plot a single trajectory of the solution u" = [uf,--- ,u’Ll]T till 7 = 1 for the following cases with the
above mentioned initial data (i) — (iii):

(@) a=0in ({®).
(b) a=1in@),u=1fori=1,---,5in (4).
() a=1inE), v =1/i¢fori=1,---,5in (d).

Date of Submission: 15.06.2022.
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