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Homework 4

Problem 1. In the lecture, we defined the empirical measure µn for an i.i.d. sample set (X1, . . . ,Xn).
Let Pn be a partition of Rd; we call a cell An,j ∈ Pn to be empty, if µn[An,j ] = 0. Let now Mn be the
number of nonempty cells of Pn. Prove that a.s.

1

n
Mn ↓ 0 (n ↑ ∞) ,

provided that limn↑∞
|{j:An,j∩B(0,R)}|

n = 0 for each R > 0.

Problem 2. Assume that the weights {αn,i}ni=1 are non-negative and that the corresponding local
averaging estimator is weakly universally consistent. Prove that assumption (iii) in Stone’s theorem
is satisfied, i.e.,

lim
n↑∞

E
[ n∑
i=1

|αn,i(X)|1{‖Xi−X‖>0}

]
= 0 ∀ a > 0 .

Hint: For any fixed x ∈ Rd and a > 0, let f be a non-negative continuous function which is 0 on
B(x; a3 ), and 1 on B(x; 2a3 ). Now choose Y = f(X) = m(X), then

1{X∈B(x;a
3
)}

n∑
i=1

αn,i(X)f(Xi) ≥ 1{X∈B(x;a
3
)}

n∑
i=1

αn,i(X)1{‖Xi−X‖>0} ↓ 0 (n ↑ ∞)

in probability, therefore, for any compact set A ⊂ Rd,

1{X∈A }

n∑
i=1

αn,i(X)1{‖Xi−X‖>a} ↓ 0 (n ↑ ∞) in probability.
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