EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Mathematisch-
Naturwissenschaftliche
Fakultat

Fachbereich Mathematik

Prof. Dr. Andreas Prohl
Dr. Abhishek Chaudhary

Statistisches Lernen
Winter-Semester 2026/27 Tubingen, 21.10.2026
Homework 2

Problem 1. This exercise generalizes the problem from pattern recognition from the lecture. Suppose
that Y € {1,..., M}, where M > 2. The aim is to find a function f* : R — {1,..., M} such that

Pf*(X)#Y] = | min P[f(X)#Y]. (1)

(a) Show that (1) is met by the Bayes decision
f¥(x) = argmax; <<\ /P[V = k|X = x] Vx € R?.
Remark: Let x € RY. The a posteriori probabilities are the functions
PlY =k|X =x| =E[ly_n|X=x] =mP(x) (1<k<M).
(b) Given a data set D,, = {(X;,Y;)}" [y estimators mﬁl) of m*) can be constructed from the data

set
D) = {(Xi, Lyyiepy) s Xy Lpymny) ) (U< k< M),

and one can use the plug-in estimator
Vx e R?: fa(x) = argmaxlSkSMmg“)(x) (1<k<M)

to estimate f*. Show that the error probability of the plug-in estimators satisfies

0 < BlX #Y\D} P[/*(X) £
M
<>/ — ) )] ]
k=1
M
< >(/, m(k)(X)\zu[dX])l/2-
k=1

Problem 2. Let n € N. For 24, ..., 2z, € R we consider z := %Z?ﬂ Zi-
(a) Show that

1 @ 1 @&
EZ|C—ZZ-|2:|c—§|2+52|§—zi|2 VeeR.
=1 =1
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(b) Conclude from (a) that

1 n
—Z|E—zi\2 —mm—2|c—zz|2
n c€R M

Problem 3. Let the data set D,, = {(X;,Y;)}!_, be given. Show that the kernel estimator defined by

Zin K57
Vi K ()

with K (x) = 1y« <1} the naive (or: window) kernel satisfies

mp(X) =

I x — X,
mn(x):argrcnelﬂrgln;[(( - Z)|Yi_c|2.
1=

Hint: Show that for any ¢ € R,

S ()= k(X
=1 =1

Xl) Y — my(x +ZK( ) (x)—c)2.

Problem 4. Let & = |,y ¢ be a partitioning of R, and D,, = {(X;,Y;)}", a data set. Show that
the partitioning estlmate defined by

> i Lixiewy Vi
E?:l 1 {Xiea;}

Vx € )

mp(x) =

satisfies

m, = arg min —E ‘

fEFm» N 4

where Fop = {ZjeN ajley, : aj € R} denotes the space of all piecewise constant functions on &2.

Hint: Let m,, be the partitioning estimate in (2). Show by the aid of Problem 1 that

ST1FX) = Vi)=Y 1K) = ma (X)) Y ma(Xa) - Yi|P Ve Fa.
=1 =1 =1
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