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Homework 1

Problem 1. For (Ω,F ,P) given, consider the disjoint decomposition

Ω =
⋃
n∈N

Ωn , where Ωn ∈ F and P[Ωn] > 0 (n ∈ N) . (1)

Consider the sub-σ-Algebra G ⊂ F which is generated from the family {Ωn}n∈N, i.e.,

G =
{⋃
n∈N

Ωεn
n : ε1, ε2, . . . ∈ {0, 1}

}
, where Ω1

n = Ωn and Ω0
n = ∅ .

Let now X : Ω→ Rd be a F-measurable random variable on Ω such that E[‖X‖] <∞. Show that

E[X|G](ω) =
E[X1Ωn ]

P[Ωn]
∀ω ∈ Ωn .

Problem 2. For a given data set Dn = {(Xi, Yi)}ni=1, linear regression is an example for a parame-
tric estimator mn of regression function m. Here, the R1+d-valued (random) parameter a ≡

(
a0,a

)>
determines

mn ≡ mn(·;a, Dn) : x 7→ a0 + 〈a,x〉Rd ,

and the optimal parameter a∗ that we look for minimizes the quadratic functional

1

n

n∑
i=1

∣∣Yi − (a0 + 〈a,Xi〉Rd

)∣∣2 .
Discuss how the parameter a∗ to set mn(·;a∗, Dn) is actually computed.

Problem 3. Let Dn = {(Xj , Yj)}nj=1 be a data set, and mn ≡ mn(·;Dn) be a regression estimator.
Show that

E
[
|mn(X)− Y |2

∣∣Dn

]
=

∫
Rd

|mn(x)−m(x)|2 µ[dx] + E
[
|m(X)− Y |2

]
.
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