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Problem 1
The third regression estimator for which we prove weak universal consistency is the k-NN estimator,
provided that

kn ↑ ∞ and
kn
n

↓ 0 for n ↑ ∞

Verify assumptions (ii) and (iv)2 in Stone’s theorem.

Problem 2
We call an observation noiseless if Yi = m(Xi), for 1 ≤ i ≤ n. Prove that for fixed k the k-NN
regression estimator is weakly universal consistent for noiseless observations.

Problem 3
Fix x ∈ Rd. Let gn be the k-NN classification rule for M -classes:

gn(x) = argmax1≤j≤M

kn∑
i=1

1{y(n,i(x)=j}.

Show that, for kn ↑ ∞ and kn
n ↓ 0,

limn→∞ P[{gn(X) ̸= Y }] = P[{g∗(X) ̸= Y }]

for all distributions of (X,Y ), where g∗ is the Bayes decision rule.
Hint: Use Problem 1 (b) of Assignment 2, and the weak universal consistency property of the k−NN
estimator.
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