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Problem 1. Let the n-sample Dn = {(Xi, Yi)}ni=1 be given. Consider a partition Pn =
{
An,j

}
j∈N of

Rd, and denote by An(x) ∈Pn the cell which contains x ∈ Rd. The well-known partitioning estimator
is

mn(x) =

∑n
i=1 Yi · 1{Xi∈An(x)}∑n
i=1 1{Xi∈An(x)}

∀x ∈ Rd .

Show that {mn}n is a LS estimator, i.e., it satisfies

mn = argminf∈Fn

1

n

n∑
i=1

∣∣f(Xi)− Yi
∣∣2 ,

where Fn ensembles Pn-locally constant functions.

Problem 2. We expect improved convergence properties for regular regression functions m : Rd → R
if the piecewise constant estimator mn in Problem 1. is replaced by a piecewise polynomial estimator,
i.e.,

Fn =
{Kn∑
j=1

pj1{An,j}; pj ≡P`(Rd)
}
,

where P`(Rd) is the space of polynoms of degree ` ∈ N0, and Kn ≡ #{An,j ; An,j ∈Pn}.

Suppose X ∈ [0, 1], and E[Y 2] < ∞. Choose ` ∈ N0. Show that the corresponding LS estimator
{mn}n is strongly consistent, once (for some δ > 0)

Kn ↑ ∞ , βn ↑ ∞ ,
Knβ

4
n log βn
n

↓ 0 , β4n
n1−δ

↓ 0 , max
1≤j≤Kn

diam(An,j) ↓ 0 (n ↑ 0) .
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