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Homework 5

Let

Z and Z1, . . . ,Zn be i.i.d. Rd-valued random variables, and
G be a set of functions g : Rd → R, with E

[
g(Z)

]
<∞.

This exercise sheet is on the property of G to satisfy the uniform law of large numbers (ULLN), i.e.,

sup
g∈G

∣∣∣ 1
n

n∑
i=1

g(Zi)− E
[
g(Z)

]∣∣∣ n↑∞−→ 0 P-a.s.

The following theorem elaborates sufficient criteria for G to satisfy ULLN. It uses the envelope G(x) =
supg∈G

∣∣g(x)∣∣, where x ∈ Rd.

Theorem 1. Let G be given, and G be its envelope. Assume

E
[
G(Z)

]
<∞ and VG+ <∞ .

Then ULLN holds for G.

Problem 1. Prove Theorem 1.

Hints: 1) Fix L > 0, and consider the set of truncated functions GL :=
{
g · 1{G≤L}; g ∈ G

}
. Now

estimate the relevant term as follows:

∣∣∣ 1
n

n∑
i=1

g(Zi)− E
[
g(Z)

]∣∣∣ ≤

≤ 1
n

∑n
i=1 G(Zi)1{G(Zi)>L}=:In︷ ︸︸ ︷∣∣∣ 1

n

n∑
i=1

g(Zi)−
1

n

n∑
i=1

g(Zi)1{G(Zi)≤L}

∣∣∣
+
∣∣∣ 1
n

n∑
i=1

g(Zi)1{G(Zi)≤L} − E
[
g(Z)1{G(Z)≤L}

]∣∣∣︸ ︷︷ ︸
:=IIn

+
∣∣∣E[g(Z)1{G(Z)≤L}

]
− E

[
g(Z)

]∣∣∣︸ ︷︷ ︸
≤E[G(Z)1{G(Z)>L}]=:IIIL

.

Now show that all terms tend to zero independently, for n,L ↑ ∞.

2) a) For {In}n we may argue with the law of large numbers, since only the envelope G is involved.
b) For {IIIL}L we may use the monotone convergence theorem (why)?
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c) For the last term, reason why it suffices to verify that

IIn ≤ sup
g∈GL

∣∣∣ 1
n

n∑
i=1

g(Zi)− E
[
g(Z)

]∣∣∣ n↑0−→ 0 P-a.s.

Therefore, start with Pollard’s uniform exponential inequality, and use the results from the lecture to
bring it in a form where VG+L

enters. Now assume the following estimate:

VG+L
≤ VG+ .
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