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Homework 1

Problem 1. Let {Ck}Kk=1 be a (non-overlapping) covering of R2, where each bounded Ck is a triangle.
Fix 0 ≤ B. Define

Gn =
{
g ∈ C0(R2; [0, B]); g

∣∣
Ck
∈ P1(Ck) (1 ≤ k ≤ K)

}
,

where P1(Ck) denotes the space of polynoms of degree ≤ 1 on Ck.

(a) Fix ε > 0. Compute N∞(ε,Gn).

(b) Give an upper bound for K in terms of n which still validates the uniform law of large numbers,
i.e.,

sup
g∈Gn

∣∣∣ 1
n

n∑
j=1

g(Zj)− E
[
g(Z)

]∣∣∣ n↑∞−→ 0 P-a.s. (1)

Remark: Use the result from the lecture, according to which (1) for all ε > 0 in case

∞∑
n=1

N∞
(ε
3
,Gn
)
exp
(
−2nε2

9B2

)
<∞ .

Problem 2. We define the truncation operator TL : R→ [−L,L] for given L > 0,

TLu =

{
u if |u| ≤ L,
L sgn(u) otherwise.

For a given class of functions Gn, we derive the following class of functions

TLGn =
{
TLg; g ∈ Gn

}
.

Now let {φk}
K

k=1 : Rd → R be given. Consider Gn =
{∑K

k=1 αkφk; αk ∈ R
}

. For L > 0, we consider
TLGn. Then for any 0 < ε ≤ L

2 we have

N
(
ε, TLGn; ‖ · ‖L1(ν)

)
≤
(6L
ε

)2(K+1)
.
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